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Abstract. Finite automata determinization is a critical operation for
numerous practical applications such as regular expression search. Al-
gorithms have to deal with the possible blow up of determinization.
There exist solutions to control the space and time complexity like the
so called “on the fly’ determinization. Another solution consists in per-
forming brute force determinization, which is robust and technically fast,
although a priori its space complexity constitutes a weakness. However,
one can reduce this complexity by perfoming a partial brute force deter-
minization. This paper provides optimizations that consist in detecting
classes of unreachable states and transitions of the subset automaton,
which leads in average to an exponential reduction of the complexity of
brute force and partial brute force determinization.

1 Introduction and notation

Finite automata determinization is a critical operation for numerous practical
applications such as regular expression search, e.g. Prosite and Swiss-prot pat-
terns [1] in biology, or the family of grep commands in text manipulation systems
[7].

Let A =< Q,X,6,I,F > be a nondeterministic automaton, where @ is the
set of states, I (resp. F') is the set of initial (resp. final) states, ¢ is the transition
function defined from @ x X into 29. A computation of the word a; - - - aj, in A is
a sequence P, ..., Pyy1 of subsets of @ such that P41 = §(F), ;) for all I. The
determinization of A consists in precomputing 6(P,a) for all P C @ and a € X,
which enables to parse a text of length n within time O(n). Determinization by
reachability consists in computing 6(P,a) only for reachable subsets P, that is,
subsets that can be reached at the end of some computation starting in 7. On
the contrary, brute force determinization consists in precomputing §(P, a) for all
subsets P and letters a.

In most cases, one can proceed to a simple incremental determinization by
reachability. Unfortunately, the number of reachable subsets is potentially expo-
nential, which can make determinization practically untractable. Moreover, the
size of the structure used to store subsets that have been already parsed consti-
tutes an obstacle. Indeed, this structure has to provide a fast testing procedure
for membership and hence must be stored in memory. It is usually a list, a binary
search tree, a trie, combined or not with a hashing table [10, 3, 8].



There are several known solutions to deal with the exponential blow up of
determinization, including the so-called on the fly determinization used in grep,
and the partial brute force determinization. The latter is a trade off between
parsing time and determinization complexity. This trade off consists in splitting
the set of states into several blocks Q1,...,Qr. Then one precomputes 6(F;, a)
for all P; C @4, 1 < j < r. Yet, given a subset P of (), one can recover
0(P,a) as U;0(PNQ,) during the parse of the text. This is described by Wu and
Manber in [13]. Moreover, brute force determinization has an efficient bitwise
implementation [12, 8]. Indeed, subsets of @) are coded bitwise (one bit codes for
the presence of one element of @), and the deterministic transition table is an
array indexed on subsets of (. Each union is performed bitwise.

However, brute force determinization carries on a huge amount of useless
precalculus. Navarro and Raffinot recently proposed a first improvement in [11]
by dividing the complexity by the size of the alphabet using position automata
[9] (or Glushkov automata). The position automaton obtained from an n-long
regular expression is an (n 4 1)-state automaton without epsilon transitions. A
position automaton is homogeneous, in the sense that, all the transitions entering
a given state are labelled by the same letter, so that one can represent such an
automaton by labelling states instead of transitions. Hence we have a unique
transition function 6 : Q — 29 and a state partitioning with respect to their
labels: we note ), the set of states labelled by a. The technique of Navarro
and Raffinot consists in precomputing §(P) for all P C Q. Then §(P, a) can be
recovered during the parse as 6(P) N Q,. So the precalculus needs a space 21el
instead of |X|2!9! for the “naive” brute force determinization.

We proposed a second improvement in [4], simply by considering that reach-
able subsets of a position automaton are necessarily contained in one @),. Hence
the parse of the text can be done as soon as one knows every §(P) for P con-
tained in some ,. The space complexity of the precalculus is then reduced to
Yo 21Qal | which is in average exponentially smaller than the latter.

The present paper no longer considers position automata. It aims, for general
automata, to extend the idea of performing brute force determinization on blocks
rather than on the complete automaton. We propose different techniques, either
polynomial or not, for computing partitionings or covers (Q1, . .., @), such that
each reachable subset P is contained in one @);. When applied to position au-
tomata, these covers reveal to be at least as efficient as the symbol partitioning
mentioned above. The tests we have carried out show that they are indeed much
more efficient for reducing the space complexity of brute force determinization.

The paper is organized as follows. Section 2 describes our technique based
on the notion of deterministic covers, whose practical computing is described in
Section 3. Then we present experimental results in Section 4.



2 Deterministic covering automata

Many transitions outgoing from unreachable subsets are calculated in vain dur-
ing a brute force determinization. In this section, we consider the problem of
detecting subsets that are a priori known to be unreachable.

In the following, & =< @, X,6,1,T > stands for an NFA, and we note
n=|Q|. Let R = {R1, Ra, ..., Ri} be a collection of non empty subsets of Q. If
Ui<i<r Ri = @, then R is said to be a cover of Q. If R is a cover and satisfies
R,NR; =0 (Vi,j), then R is a partitioning of Q.

Definition 1 (Deterministic cover) A cover R = {Riy,...,Rr} of Q is a
deterministic cover of < if:

1. (HR()ER) I C Ry,
2. (VRER)(Vae X ) 3R €R) 6(R,a)C R.

A deterministic cover provides additional information about which subsets
are visited during a simulation of the automaton: being in a subset of a block
R, we know that one can go in some block R’ by a symbol a and nowhere else.
This behaviour can be modelled by a super-automaton:

Definition 2 Let R be a deterministic cover of /. We get a covering automa-
ton! < R, X, AT > of & by letting: A(R,a) = {R' | §(R,a) C R'}, and
IZ={R|ICR}.

This super-automaton is not necessarily deterministic. We call deterministic
covering automaton any automaton obtained from the latter by keeping only one
element in each A(R,a), and one element in T.

The elements kept for getting a deterministic covering automaton can be
chosen arbitrarily, since we only need that there exists one R’ such that §(R, a) C
R'. Covering automata do not have final states since their purpose is just to
describe transitions of the original automaton.

For example, consider the automaton at left of Figure 1. The cover {B, B2}
with By = {0,1,2} and By = {2,3,4} is deterministic. One associated covering
automaton is drawn at right.

We easily see that every subset of the subset automaton is contained in one
block of the deterministic cover. This gives an upper bound for the number of
reachable subsets in the subset automaton:

Proposition 1 Let & =< Q, X, 4,1,T > be an NFA and R = {R1, Ra, ..., Ri}
be a deterministic cover of «/. The size of the subset automaton is lower than
S 2

! Let us mention that the covering automata introduced by this definition are not
related to the covering automata for a finite language L due to Campeanu, Paun
and Yu in [2].



Fig. 1. An automaton recognizing (a®a* + b3b*)*, and one of its covering automata.

A brute force determinization does not take this bound into account and
creates the 2" subsets in vain. On the contrary, the brute force determinization
technique that we present fits the bound.

Consider a deterministic cover R = { Ry, Ra, ..., R} of o7 and one associated
deterministic covering automaton < R, X', A, { Rinit} >.

We build a deterministic automaton related to the cover R by the following
way. The deterministic transitions are stored in k tables (C[i])i=1,... x. Each table
C[i] contains |X| tables (C[i][a])qes. Each table C[i][a] is made of 217l entries.
And we let:

(VPER; )(VaeX) Cli]la[P]=d(P,a)

The simulation of the automaton is carried out by the following way. The
current state of our system is a couple (i, P) where P C R;. The initial state is
(init, I), then each transition is given by the transition function ¢’ defined by
d'((i, P),a) = (A(i,a),Cli][a][P]). The couple we get is a state of the system
since C[i][a][P] = §(P,a) C A(i,a).

For each i, the table C[i] contains the transitions of 2/%%il subsets. Hence,

Proposition 2 The tables (C[i])i=1,... .k are computed and stored with a com-
plexity lower than

k
n| 2> 2!
=1

Using these tables, each transition of the subset automaton can be calculated in
time O(n).

The O(n) time complexity is due to the manipulation of a state number.
Indeed, states rank from 0 to 2" — 1, so that storing a state number requires n
bits in the worst case. However in practice, the memory limitation implies that
a table index can always be stored in a processor register.

3 Computing a deterministic cover

We focus now on the existence and the practical calculus of deterministic covers.



3.1 The maximal cover

Definition 3 Let D be the set of reachable subsets of o/ . The maximal cover of
o is the set of all mazximal elements of D with respect to inclusion.

Clearly, the maximal cover of &7 is a deterministic cover. In practice, this
cover is obtained as the fixed point of the sequence (R;) defined in the following
way:

The collection Ry contains initially the only block I. The collection R; 1 is
deduced from R; as follows:

R/Z-Jrl :RiU{(S(R,a)|RERi, GEE}

Then, Ri11 is obtained from R;; by keeping only subsets that are maximal
for inclusion. The sequence (R;) converges to the maximal cover of .
The maximal cover can be exponentially greater than the automaton:

Proposition 3 If |X| > 2, then for all n, there exists an automaton <, such
that its mazimal cover is made up of (LZJ) blocks.
2

Proof. We build an n-state automaton «f, =< Qn,~%, 0n, [, F, > whose
maximal cover contains (LZJ) blocks. We note Q,, = {1,...,n}, and we let
2

I, ={1,...,[5]}. Let a,b € ¥, we let

2ifa=1 T1lifg<
6n(q,a):{1ifq:2 andén(q,b):{(fifq:i "
q otherwise

The mappings ¢ — d,,(¢,a) and g — 6,(q,b) are permutations of @Q,,, respec-
tively the transposition (1,2) and the cycle (1,2,...,n). Yet, these two permu-
tations are generators of the symmetric group of degree n. Hence, the reachable
subsets of o7, are all permutations of I, that is, all subsets of cardinality |7 |.

The algorithm for computing a maximal cover is as follows:

MAXIMAL COVER(&)
Let R contain the only block I, and mark I.
while there exists a marked block in R do
pick a marked block R in R and unmark it
for each a € Y’ do
P —4(R,a)
if P is not included in any block of R then
remove blocks of R that are included in P
L add P to R and mark it

B N D G o~

All the following cover algorithms have been implemented using the same
schema.



3.2 Other covers

Different techniques can provide deterministic covers with a polynomial com-
plexity. But those covers may contain larger blocks than blocks of the maximal
cover.

The optimal partitioning Among deterministic covers, the class of covers
that are just partitionings can be easily studied. We refer to these covers as
deterministic partitionings. There exists a unique optimal deterministic parti-
tioning that can be calculated by an algorithm similar to the latter one, but
whose complexity is polynomial.

Consider the partitioning of ) obtained as the fixed point of the sequence
(P;) defined in the following way. The collection Py contains initially the block
I and all singletons of @ \ I. The collection P;;; is deduced from P; as the
finest partitioning that is compatible with P; and with each block §(B,a), (B €
Pi, a € X). That is, let first P;y1 < P;. For all couples of blocks Bj, By in
P; that intersect a same block §(B,a), By and By are removed and replaced by
B; U Bs. This operation is repeated until all blocks 6(B, a), (B € P;, a € X)) are
included in a block B € P; 4.

The sequence (P;); converges toward a deterministic partitioning of /. On
the other hand, since the partitioning P;; is obtained by merging elements of
P;, the sequence reaches its fixed point at least at P,. As a result:

Proposition 4 The fized point of the sequence (P;); is a deterministic parti-
tioning finer than any other deterministic partitioning of 7. Hence, it is called
the optimal deterministic partitioning. Moreover, it can be calculated in time
| X|n3.

Proof. The partitioning Py is clearly finer than any deterministic partitioning,
and P; inherits this property from P;;;1 for all i. Indeed, P;41 is the finest
partitioning that is compatible with P; and all 6(P;,a). On the other hand,
a deterministic partitioning P is compatible with itself and all 6(P,a). If P is
coarser than P;, then P is compatible with P; and all §(P;, a), hence P is coarser
than Piyq.

The neighbourhood cover We propose a first polynomial heuristic providing
covers that are not just partitionings.

Definition 4 Let q be a state, the left language of q is the set of labels of paths
—
starting in an initial state and ending in q. It is denoted L (q).

Definition 5 Consider the non oriented graph G =< Q,G > whose vertices are
the states of o, and whose set of edges G is defined by

(g,p) € G L(q)N L(p) #0



Proposition 5 The graph G can be calculated in time O(n*). Let q,p € Q, the
edge (q,p) is in G if and only if there exists a reachable subset P of </ that
contains q¢ and p.

Definition 6 We denote ¥ (p) = {p} U{q € Q | (¢,p) € G} the neighbourhood
of a state p.

Proposition 6 If the automaton <7 is complete and has just one initial state
(I = {io}), then the cover R = {¥(p) | p € Q} is deterministic and can be
computed in time O(n?).

Proof. Let p be a state of & and a € X, there exists p’ € d(p,a) since the
automaton is complete. It is sufficient to prove that §(¥ (p),a) C ¥ (p'). So, let
q € 6(¥(p),a). We have ¢ = d(q,a) for some q € ¥ (p). Hence, there exists
a word w contained in Z(p) N Z(q), which implies wa € (Z(p’) N (Z(q’), thus
(¢',p') € Gor ¢ =p, and finally ¢ € ¥ (p').

The merging cover We present a second cover calculus whose complexity is
polynomial.

Here is the general description of the algorithm: initially, we have the cover
R made up of I and the singletons of @ \ I. As long as the cover R is not
deterministic, there exists a block P and a letter a such that 6(P,a) is included
in no block. The algorithm picks a block R € R and replaces it by RU §(P, a).
This operation is repeated until one gets a deterministic cover. The blocks of the
cover R are numbered from 1 to n. The i** block is noted B;.

MERGING COVER(%)
1 The cover R is made up of T and the singletons of Q \ T
Mark all blocks By, ..., B,
while there exists a marked block in R do
pick a marked block B; in R and unmark it
for each a € ¥ do
pick a block B; in R
if 6(B;,a) ¢ B; then
B; — B; U (5(Bi,a)
mark B;
remove blocks By ( k # j ) that are included in B;

© 0 N D A Lo

~
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During the running of the algorithm, the number of blocks is n, and each
iteration raises strictly the size of a given block. Hence, such an algorithm ends
within n? iterations. The algorithm efficiency depends on the technique used to
pick the block B; at line 6.

The objective is to generate small blocks. A technique likely to be efficient
consists in picking the block B; such that B; U d(B;,a) is the smallest possible.

This choice can be performed in time n?. Hence,

Proposition 7 The merging cover of & is deterministic and can be calculated
in time O(n?).



4 Experimental results

4.1 Implementation

Three algorithms have been implemented for computing a deterministic cover of
an NFA: the maximal cover algorithm, the merging cover algorithm and the opti-
mal partitioning algorithm. They are deduced from an unique scheme described
in Section 3.1 for the case of maximal cover algorithm. The implementation of
the algorithms must fit with the theoretical complexities given previously. Con-
sequently, a marked block should be accessed in constant time, which is achieved
by representing a cover by a double linked list.

4.2 Performance tests

Tests have been carried out from two different sets of regular expressions, and
from random NFAs. In the first set (RandExpr), regular expressions are randomly
built on an alphabet of size 4. In the second one (RandText), they are built
from words randomly picked in the text ”Alice’s adventures in wonderland”.
The random NFAs (RandNFAs) are generated as described in [5]. As usually,
each random regular expression is prefixed by X* in order to perform pattern
matching over a text.

We define the space requirement of a cover as the number of states of the
deterministic automaton related to this cover. The distribution of the space
requirement of the covers obtained by each algorithm applied on each random
object is illustrated in the following figures. On these figures, for each algorithm,
a graph gives the number of regular expressions (or random NFAs) whose cover
leads to a given space requirement. Each graph have been made from 10000
random regular expressions (or random NFAs).

The Figures 2, 3 and 4 give the logarithm of the space requirement of the
covers obtained respectively from the optimal partitioning algorithm (b), the
maximal cover algorithm (d) and the merging cover algorithm (c).

The following observations can be made about the space distribution:

— For all algorithms the space distribution is better in the case of RandExpr
and RandText than in the case of RandNFAs. Moreover it is better in the case
of RandText than in the case of RandExpr.

— The distribution of the maximal cover gives informations about the size of
the subsets obtained during a determinization by reachability. The larger
the space requirement is, the larger is the size of the subsets.

— In the case of RandomNFAs, since the reachable subsets are large ones (see [5]),
the space requirement of all covers is important.

— In the case of RandExpr, since both alphabet and words used to build these
expressions are small, the distribution of the optimal partitioning is similar
to the distribution of the symbol partitioning.

— In the case of RandText, the distribution of the merging cover is similar to
the distribution of the maximal cover. Both of these two distributions are
closer to the space requirement of the determinization by reachability; the
reason is that the size of reachable subsets is small.
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Fig. 2. Case of RandExpr expressions of size 500 (on an alphabet of size 4).
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Conclusion

Deterministic covers enable a consequent reduction of brute force determiniza-
tion complexity, so that we can reasonably handle 500-long regular expressions
on text (Figure 3). We expect them also to reduce the complexity of deter-
minization by reachability. The first optimization described in paper [4] has
been implemented in the software CCP [6]. We shall soon design a new version
implementing improvements of this paper.
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