Computing the follow automaton of an expression
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Abstract. Small nondeterministic recognizers are very useful in prac-
tical applications based on regular expression searching. The follow au-
tomaton, recently introduced by Ilie and Yu, is such a small recognizer,
since it is a quotient of the position automaton. The aim of this paper
is to present an efficient computation of this quotient, based on specific
properties of the ZPC-structure of the expression. The motivation is
twofold. Since this structure is already a basic tool for computing the po-
sition automaton, Antimirov’s automaton and Hromkovic’s automaton,
the design of an algorithm for computing the follow automaton via this
structure makes it easier to compare all these small recognizers. Secondly
such an algorithm provides a straightforward alternative to the rather
sophisticated handling of e-transitions used in the original algorithm.

1 Introduction

Regular expressions are a very convenient formalism used in a wide range of ap-
plications like regular expression searching, text processing or natural language
processing. Since they are fully equivalent, finite automata are their natural
implementation. Simple and very efficient, regular expressions and their finite
automata are integrated into many computer science applications such as grep,
perl, flex, etc. Thus, computing small finite state automata from regular ex-
pressions is a challenging problem.

The position automaton of a regular expression [8,14] is of particular inter-
est. Let | E| be the size of the expression E, i.e. the number of nodes of its syntax
tree and let ||E|| be the number of occurrences of symbols in E. The position
automaton of E has ||E|| +1 states. It can be built in O(|E|?) time by a naive al-
gorithm and in O(|E|?) time by optimized implementations based on expression
transformation [2], lazy evaluation [7], or implicit structure computation [17,15].
Moreover, it has been proved that quotients of this automaton can be computed
with the same quadratic time complexity. Champarnaud and Ziadi have shown
that Antimirov’s automaton [1] is such a quotient; they have used the notion
of canonical derivative to design a quadratic algorithm to compute it [4]. More
recently, Ilie and Yu [12] have introduced the follow automaton of a regular ex-
pression E. There exists an equivalence relation over the set of positions of E,
called the follow relation and denoted by =y, such that the follow automaton is
the quotient of the position automaton by the relation =y.



Our aim is to design an efficient computation of this quotient, based on spe-
cific properties of the ZP(C-structure of the expression [17,15]. The motivation
is twofold. First this structure is already a basic tool for computing not only
the position automaton and Antimirov’s automaton, but also Hromkovic’s au-
tomaton [10,9] which focuses on the reduction of the number of transitions.
An algorithm based on the ZPC-structure for computing the follow automaton
makes it easier to compare all these small recognizers. Secondly such an algo-
rithm provides a straightforward alternative to the rather sophisticated handling
of e-transitions used in the original algorithm.

In our approach, the expression is first normalized; the normalization that
we consider includes size reduction (elimination of redundant €’s, §’s and *’s) as
well as Star Normal Form transformation [2] and its time complexity is linear
w.r.t. the size |E| of the expression. Then its ZPC-structure is built in linear
time and space w.r.t. |E|. We prove that, as far as the expression is a normalized
one, the set of follow links of the ZPC-structure has specific properties. It allows
us to compute the follow relation via a simple marking of the nodes of the ZPC-
structure, hence with a linear time complexity w.r.t. |E|. Finally we present a
new algorithm to compute the follow automaton of a regular expression, with
an O(c x |E|) time complexity, where c is the index of the relation =;. It turns
out that this algorithm is about three times faster than the original one.

Next section gathers definitions concerning expressions and automata and a
short description of classical constructions (position automaton, ZPC-structure
and follow automaton). Section 3 presents the specific properties of the ZPC-
structure of a normalized expression and the new algorithm to build the follow
automaton. Experimental tests are reported in Section 4.

2 Preliminaries

In this section we first recall some basic definitions and properties about regular
expressions and finite automata. For more details, we refer to [11] and [16].

2.1 Regular expressions and finite automata

Let X be a non-empty finite set of symbols, called an alphabet. The set of all the
words over X' is denoted by X*. The empty word is denoted by €. A language
over X is a subset of X*. Regular expressions over an alphabet X are inductively
defined as usually. We will write Sym(E) = ‘+’ (resp. ¢, *¥’) if E = F+G (resp.
E = FG, E = F*). We call alphabetic width of E, denoted by ||E||, the number
of occurrences of symbols of X' in E whereas we call size of E, denoted by |E|,
the number of nodes of the syntax tree of E. For all integer j,1 < j < ||E||, if z is
the jth alphabetic symbol in E, the pair (z,j) (written z;) is called a position of
E. The set of all the positions of E is denoted by Pos(E). An expression E is said
to be linear over X if and only if every symbol of X' occurs at most one time in
E. The linearized version of E is the expression E deduced from E by replacing
the symbol z in position j by z;, for all j, 1 < j < ||E||. We denote by h the



mapping from Pos(E) to X induced by the linearization of E. An expression £
is said to be nullable if and only if ¢ € L(E). We set Null(E) = {e} if ¢ € L(E)
and 0 otherwise.

In practical applications, it is usual to preprocess the input expression in
order to reduce its size and to make its size proportional to its alphabetic width.
We will consider the following definition [12]:

Definition 1 Given a regular expression E, an equivalent reduced expression
can be computed in linear time by applying the following rules to every node v
of the syntax tree of E:

a) O-reduction: if L(v) = 0, the subtree rooted by v is replaced by 0. At the end,
E contains no ) or equals to 0.

b) e-reduction: if L(v) = {e}, the subtree rooted by v is replace by . Then, if
the parent node is labelled by “’, it is replaced by the other child. If it is labelled
by “’, it is replaced by the child. If it is labelled by “+’ and if € belongs to the
language of the other child, then the parent is replaced by its child.

¢) x-reduction: every vertex labelled with %’ such that parent node is also labelled
by “’is replaced by the child.

An automaton is a quintuple A = (@, X, 6,1, F) where @Q is a finite set of
states, X' is the alphabet, § C @ x X' x @ is the transition mapping, I C @ is
the set of initial states and F' C (@ is the set of final states. An g-automaton is
an automaton with § C @ x (X' Ueg) x Q.

2.2 Classical constructions

The position automaton The position automaton [8,14] of a regular expres-
sion E, denoted by Pg, is related to specific subsets of Pos(E). If E is linear, the
following subsets of X' are computed: First(E) (resp. Last(E)), the set of sym-
bols that match the first (resp. last) symbol of some word in L(E), and, for all z
in ¥, Follow(E, ), the set of symbols that follow the symbol z in some word of
L(E). The functions First, Last and Follow can be inductively computed. The
set of states of the position automaton of E is Pos(E) added with a specific posi-
tion denoted by 0. The following notation will be used: Poso(E) = Pos(E)U{0};
the set Lasto(E) is equal to Last(E) if Null(E) = § and to Last(E) U {0} oth-
erwise; the set Followo(FE,x) is equal to Follow(E,z) if x € Pos(E) and to
First(E) if x = 0. It is easy to see that the position automaton of a regular
expression E is such that Pg = (Poso(E), X, 0, {0}, Lasty(E)), with

0(z,a) ={y | y € Followg(E,z) and h(y) = a}, Vz € Posg(E), Va € X.

Remark 1 We consider the expression Eg = $E where $ ¢ X. Then Pos(Ey) =
Posy(E), Last(Ey) = Lasto(E) and, for all x € Pos(Ey), Follow(Ey,x) =
Followy(E, x). Hence an equivalent definition of the position automaton of E:
Pr = (Pos(Ey), X,0,{0}, Last(Ey)), with 6(z,a) = {y | y € Follow(Ey,z) and
h(y) = a}, Vx € Pos(Ey), Va € X.

Definition 2 Two positions © and y of a regular expression E are said to be
Last-equivalent in E (x ~g y) if and only if © € Last(E) < y € Last(E).



Definition 3 A regular expression E is said to be in Star Normal Form (E is
in SNF) if and only if for every expression F such that F* is a subexpression of
E, the following property holds: Vx € Last(F), Follow(F,z) N First(F) = 0.

It was shown in [2] that any regular expression can be turned into Star Normal
Form in linear time.

The ZPC-structure The ZPC-structure of a regular expression [17,15] is a
linear space and time representation of the position automaton that is based on
two state forests connected by a set of links. Let us briefly recall how to convert
a regular expression into its ZPC-structure (see Figure 1). More details can be
found in [3, 6].
1. We perform a depth-first traversal of the syntax tree T(E) of E in order to add
specific links from each leaf to its successor and from each node to its leftmost
leaf and to its rightmost leaf. These specific links allow us to directly access to
the set of positions of each node.
2. We create two copies of the tree T'(E), respectively denoted by Lasts(E) and
Firsts(E).
3. For each node A = B - C of Lasts(E), if C' is not nullable, we disable the
connection to B, and we update the leftmost leaf pointer of A.
4. For each node A = B - C of Firsts(E), if B is not nullable, we disable the
connection to C, and we update the rightmost leaf pointer of A.
5. For every node A = B-C, we create a follow link from B in Lasts(E) to C in
Firsts(E). It encodes the set of transitions associated with Last(B) x First(C).
6. For every node A = B*, we create a follow link from B in Lasts(E) to A in
Firsts(E) It encodes the set of transitions associated with Last(B) x First(B).
It has been shown in [17,15] that the ZPC-structure of a regular expression
requires O(|E|) space, can be built in O(|E|) time and converted into a position
automaton in O(|E|?) time. A follow link is said to be redundant if and only if
the set of transitions it encodes is included into the set of transitions encoded
by another follow link. Redundant follow links may be eliminated in linear time
w.r.t. |E|.

The follow automaton The inductive construction of the e-automaton A% (E)
of a regular expression E is defined by Ilie and Yu in [12]. Its computation is
in O(|E|) time; see Section 5 for more details. The follow automaton Ag(E)
(see Figure 2) is produced by eliminating e-transitions from A% (E), which can
be performed in O(|E|?) time. Let =;C (Pos¢(E))? be the equivalence relation
defined by

z =5y < Followy(E,z) = Followy(E,y) and x € Lasty(E) < y € Lasto(E)

Then Ay (E) is a quotient of the position automaton: Ay (E) ~ Pg/=,.
Following Definition 2 and Remark 1, we will rather consider the relation
=4C (Pos(Ep))? such that z =¢ y & Follow(Ey,z) = Follow(Ey,y) Az ~g, y.
Indeed, this definition is more convenient when working on a ZPC-structure since
it allows us to express properties directly on the basic sets of the expression FEy.
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Fig. 2. The follow automaton of E = ((a +b) + (c+d)*) - (a +¢)* - d.

3 From a ZPC-structure to a follow automaton

Our aim is to provide an efficient algorithm to compute a follow automaton. We
first introduce normalized expressions and prove some of their properties. Then
we describe an efficient computation of the relation =; over the ZPC-structure
of a normalized expression. Finally we show how the transition function of the
follow automaton can be deduced from the ZPC-structure.

3.1 Normalized expressions

Definition 4 A regular expression E is said to be normalized if the following
conditions hold:

1. The expression E is a reduced one (according to Definition 1).

2. The operation ‘-’ is assumed to be left associative when building the syntaz
tree of the expression.

3. The expression E is in SNF.



Here is a detailed list of properties of normalized expressions. Let H be a
subexpression of a normalized expression E. Then the following properties hold:
a.If H=F + G, then F # 0 and G # 0.

b. If H = F + ¢, then Null(F) = 0.

cIfH=F -G,then F#0,G#0,F #¢ and G #e¢.

d. If H=F -G, then Sym(G) # ‘.

e. If H* is a subexpression of E, then for all x € Last(H), Follow(H,z) N
First(H) = 0.

Properties (a), (b) and (c) come from the fact E is reduced. Property (d)
comes from the fact the operation ‘-’ is left associative. Property (e) is a con-
sequence of the fact E is in SNF. It is straightforward to check that given a
regular expression E' of size s', it is possible to construct an equivalent nor-
malized expression E in O(s') time and space. Therefore we can assume that
all regular expressions are normalized. We now state two useful propositions.
The first one addresses arbitrary regular expressions; the second one addresses
normalized expressions.

Proposition 1 Let z and y be two Last-equivalent positions of a regular expres-
sion E. If E is in SNF, for all H such that H* is a subexpression of E, it holds:
Follow(F*,z) = Follow(F*,y) & Follow(F,x) = Follow(F,y).

Proposition 2 Let E be a normalized expression such that E = F - G and
let © and y be two positions of E such that x € Last(F), y € Last(G) and
Follow(E,z) = Follow(E,y). Then G is such that G = H*.

3.2 Computation of =; over the ZPC-structure

Let E be a regular expression and let us consider its ZPC-structure. We denote
by Ar (resp. pr) the root of the tree associated with the subexpression F' in
Lasts(E) (resp. Firsts(E)). Let « be a position of E. In order to shorten nota-
tion, the node associated with z in Lasts(E) is denoted by z too. In the tree that
contains x there is a unique path from the root to z. We consider the reverse path
7(x) = Aiy Aiy ... Ai,, with Ay, = z. We will denote Colast(E) = Pos(E)\ Last(E).

Definition 5 Let E be a regular expression and x a position of E. We denote
by Ag(z) the set of nodes of Firsts(E) that are head of a follow link whose tail
belongs to the path w(x). We have:

Ag(z) = {follow(X) | X € w(z) and (A, follow(N)) is a follow link}

Let z and y be two positions of an arbitrary regular expression. It is easy
to check that Ag(z) = Ag(y) = = =7 y. We are going to show that, as far
as normalized expressions are concerned, the inverse also holds, i.e.: z =5 y =
Ap(z) = Ap(y).

Theorem 1 Letx andy be two positions of a normalized expression E. It holds:
(Follow(E,x) = Follow(E,y) Az ~g y) © Ar(z) = Ar(y).



Proof is by induction on the size of E. Theorem 1 allows us to compute
the relation =y over the ZPC-structure of a normalized expression. We now see
how it can be achieved efficiently. Let x be in Pos(E). We denote by Dg(z)
the head of the lower follow link having its tail on the path w(x). We write
Dpg(z) = L if there exists no such follow link. More precisely Dg(x) can be
recursively computed as follows.

Proposition 3 The lower follow link of a regular expression E is such that:
1. Case E=F +G:

If ¢ € Pos(F), then Dg(z) = Dp(z).
If ¢ € Pos(G), then Dg(x) = Dg(z).

2. Case E=F-G:

If x € Colast(F), then Dg(z) = Dp(z).

If x € Last(F), then Dg(z) = Dr(z) if Dr(z) # L and @g otherwise.
If x € Pos(G), then Dg(z) = Dg(x).

3. Case E = F*:

If x € Colast(F), then Dg(z) = Dp(z).

If ¢ € Last(F), then Dg(x) = Dp(z) if Dp(x) # L and ¢ otherwise.

Theorem 2 Letx and y be two positions of a normalized expression E. It holds:
Dg(z) = De(y) & Ap(z) = As(y).

3.3 Algorithms
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Fig. 3. Computation of the set of states according to Algorithm 1.
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Let E be a normalized regular expression and Fy = $E. Theorem 2 leads to
the Algorithm 1 that computes the relation =¢ of E via the ZPC-structure of
Ey = $E, and hence the set )y of states of the follow automaton of E. On the
other hand, Algorithm 2 computes the set of transitions of the follow automaton.

Algorithm 1 Since the expression E is normalized, the expression Fy is normal-
ized too, as far as the syntax tree of Ey satisfies left associativity of ’-” operation.
Thus, according to Theorem 2, it comes: z =5 y < Dg,(z) = Dg,(y).

The Algorithm 1 is based on a marking of the positions of Lasts(Eqg) (see
Figure 3). The set @y is initialized to () and the call Marking(\g, ¢o) is per-
formed. Every position z is marked with the head of the lower follow link whose
tail is on the path m(z). Two positions in Ey are =-equivalent iff they have
an identical marking. The predicate broken(A) is true iff A is not connected to
its parent in Lasts(Ep). The procedure Marking performs a prefix traversal of
Lasts(Ey). The marking D(A) of the node A is equal to ¢ = follow()) if there
exists a follow link (), ¢) and to the marking of its parent otherwise.

The set of classes of =y is the set of markings of the positions of Ey. The
computation of the set of transitions is facilitated by the use of a class repre-
sentative, such as the least leaf (w.r.t. the order of the traversal) with a given
marking. It can be achieved by a marking of the nodes of Firsts(Eq) that is not
detailed here. Finally we get: Qf = {(p,2) | ¢ € Firsts(Ey), x € Pos(Ey),
is the least position s.t. D(z) = ¢}. At the end of the execution, every position
in Lasts(Fy) is marked with the head of its associated lower follow link. There-



Algorithm 1 Computes the set @)y of states of the follow automaton.

Procedure Marking(\: node, parent_mark: node)
if follow(\) = L then
D()) < parent_mark
else
D(X) + follow(\)
end if
leftson < left(\)
if leftson # 1 then
if broken(leftson) then
Marking(le ftson, 1)
else
Marking(le ftson, D(X))
end if
end if
rightson < right(\)
if rightson # L then
Marking(rightson, D()))
end if
if leftson = L Arightson = L then {case of a node}
if (D()),.) € Qs then
Qf < Qs U(D(N),A)
end if
end if

Algorithm 2 Computes the set d; of transitions of the follow automaton.

Procedure Transitions()
for all (D(z),z) € Q5 do
for all y € Targets(z) do
o < 65 U{((D(2), ), h(y), (D(y),-)}
end for
end for
Function Targets(\ : node)
T+ 0
repeat
¢ = follow(\)
if ¢ # L then
T + T U First(¢)
end if
if broken()\) then
AL
else
A < parent(\)
end if
until A = L
return T’




fore two positions in Ey are equivalent iff they get an identical marking by the
Algorithm 1. Moreover the Algorithm 1 has an O(|E|) time complexity.

Algorithm 2 The Algorithm 2 computes the set of transitions of the follow au-
tomaton of E (see Figure 4). There exists a transition ((¢,z), h(y), (¢',z")) from
(p,x) to (¢',2') in Qg iff (z,h(y),y) is a transition of the position automaton
and D(y) = ¢'. The function Targets computes the set T of targets of the tran-
sitions coming from the state (p,z). For each follow link (A1, 1 = follow(A1))
such that A\; belongs to the path 7(z), the sets First(p1) and T are merged in
linear time. Moreover, since the expression Ey is in SNF, the successive Flirst(p1)
sets are disjoint. Therefore, for each state (p, z), the computation of 7' is linear.
Hence the Algorithm 2 has an O(c x |E|) time complexity. Finally we get the
following proposition:

Proposition 4 The follow automaton of a normalized reqular expression can be
computed from its ZPC-structure by the Algorithms 1 and 2, with an O(c X |E|)
time complexity, where c is the index of the relation =;.

4 Experimental results

The two algorithms have been coded in C++ using the STL (Standard Template
Library) and the general design is object oriented. Both of the algorithms benefit
from the same implementation of automata. Automata are represented by a data
structure that allows fast insertion of states and transitions and a variant has
been designed for the epsilon follow automaton that carries some optimizations.

The modus operandi is the following. For every regular expression, the two
algorithms have been run one thousand times in order to have measurable times.
The function clock() as been used since it provides the real CPU time of a
process. All the tests have been run under Linux on a Pentium IT 300 Mhz
computer with 192 MB memory. The Figure 5 gives the running time (in seconds)
versus the length of the expressions.

1. Randomly generated regular expressions: we used an home made random
expression generator to produce 1000 expressions of length 30 to 240 with a
step of 30. See Figure 5.(a) for the results.

2. Families of regular expressions: we have tested some families of regular ex-
pressions proposed by Ilie and Yu [13].

— Family 1: we consider the expressions inductively defined by E; = (a1 +
€)* and E;1; = (E; + F;)* where F; is obtained from E; by replacing
each a; by a;y ;|- See Figure 5.(b) for the results.

— Family 2: we consider the expressions of the form E, = a; - (by +--- +
bp)* +az - (by + - +by)* + -+ ap- (b1 +--- + by)*. We generate
expressions up to n = 30. See Figure 5.(c) for the results.
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Fig. 5. Running time of the two algorithms: (a) Randomly generated expressions, (b)
Family 1, (c¢) Familiy 2 and (d) Family 3.

— Family 3: we consider the expressions of the form E,, ,, = (a1 +az2+---+
ap) - (a1 +as +---+an+b +---+ by)*. We generate a set of regular
expressions for length from 20 to 150 by step of 10 and for each length
I, we consider all the possible values of n and m such that [ = 2n + m.
See Figure 5.(d) for the results.

5 Conclusion

Experimental tests show that the e-free algorithm for computing the follow au-
tomaton is about three times faster than the original one. Moreover it is quite
easy to implement it from the ZPC-structure. This new construction should
facilitate the study of the properties of the follow automaton and its compar-
ison with other small NFAs such as Antimirov’s automaton and Hromkovic’s
automaton.
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