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Abstract

There are three classical algorithms to compute a finite automaton
from a regular expression. The Brzozowski algorithm yields a de-
terministic automaton, the Glushkov algorithm a nondeterministic one,
and the general step by step method generally yields a NFA with -
transitions. Berry and Sethi have adapted Brzozowski’s algorithm to
compute the Glushkov automaton of an expression. We describe a
variant of the step by step construction which associates standard and
trim automata to regular languages. We show that the automaton con-
structed by this variant and the Glushkov automaton (computed by
Berry—Sethi algorithm) are isomorphic.

Introduction

The aim of this paper is to show that a variant of step by step construction
[18, 33] to compute an automaton from a regular expression leads to the
same result as the Glushkov algorithm [19, 20] up to a renaming of states.
The construction implemented in the Automate package [15] to compute an
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automaton from an unrestricted expression reduces to this variant of step by
step method when expressions are simple ones.

Section 1 recalls basic definitions in automata theory. Section 2 describes
several (old and new) papers dealing with the problem of converting a regular
expression into an automaton. Section 3 presents automata constructions we
use in our variant of step by step method. Section 4 describes the Berry—Sethi
algorithm which computes the Glushkov automaton of an expression. In Sec-
tion 5, we prove that our construction and the Berry—Sethi one yield identical
automata up to a renaming of states. Section 6 deals with implementation
and complexity features.

1 Definitions

Let A be a finite alphabet. An automaton over A is a 4-tuple A = (Q, I, T, F)
where Q is a set of states, I is a subset of () whose elements are the initial
states, T is a subset of ) whose elements are the final states (or terminal
states), I is a subset of the cartesian product Q x A x () whose elements are
the edges.

Let A= (Q,I,T, F)be an automaton. An edge (q, a, ¢') goes from a head
q to a tail ¢’. A path of A is a sequence (¢, a;,qiy1),1=1,...,n, of consec-
utive edges. Its label is the word w = a1ay...a,. A word w = aqay...a, is
recognized by the automaton A if there is a path with label w such that ¢; € T
and ¢,+1 € T. The language recognized by the automaton A is the set of
words which it recognizes. The automaton A is trim if for all ¢ € ) there is
at least one path through ¢ beginning at an initial state and ending at a final
state. The automaton A is deterministic if there is only one initial state and
if for all (¢, a) € @ X A there is at most one state ¢’ such that (¢,a,q¢’) € E. A
is said to be a DFA if it is deterministic and a NFA otherwise. An automaton
is standard, or, following Leiss [22], non-returning if there is only one initial
state and if there is no edge having the initial state as tail. We shall write
A =(Q,i,T, F) for such an automaton with a unique initial state 1.

Let A be an alphabet. An atomic expression (on A) is either a letter a €
A, or the empty word denoted by 1. A (simple) regular expression is obtained
by applying recursively the following operators to the atomic expressions: if r
and r’ are two regular expressions, one defines their union rUr’, their product
rr’, the star of r written r*.

To each regular expression r there corresponds a language L(r), that is



to say a subset of A* recursively defined as follows: the single element subset
L(a) = {a} is associated to a, for every letter & € A; if r and r’ are two reg-
ular expressions, the associated languages of which are already defined, then
the language L(r U r’) = L(r) U L(r'), the union of the languages L(r) and
L(r"), is associated to the union rUr’, the product language of L(r) and L(r'),
ie. L(r)L(r") = {uv | w € L(r),v € L(r')}, is associated to the product rr’,
and the Kleene closure of L(r), that is the language (L(r))* = U,>o[L(r)]",
is associated to the star r*. A language L. C A* is regular if and onTy if there
is a regular expression r such that L = L(r).

The unrestricted reqular expressions are obtained by adding new operators
such as:

e plus operator: to the expression r* one associates the language L(rt) =

SIGIE

n>0

e inlersection operator: to the intersection r N r’ of two expressions one
associates the language L(rNr’) = L(r) N L(r’), the intersection of the
languages L(r) and L(r').

e difference operator: to the difference r \ 7’ of two expressions one as-
sociates the language L(r \ r') = L(r) \ L(r'), the set difference of the
languages L(r) and L(r').

o left quotient operator: to the left quotient r~'7/ of the expression r’ by
the expression r one associates the language L(r~1'r') = {v € A*|Ju €
L(r) such that wv € L(r')}.

e right quotient operator: to the right quotient r'r=! of the expression

r’ by the expression r one associates the language L(r'r™') = {v €
A*|Ju € L(r) such that vu € L(r")}.

e shuffle product operator, written W: to the shuffle product riWr’ of
two expressions one associates the language L(r)W L(r'), the shuffle of
the languages L(r) and L(r') i.e. the set defined by L(r)WL(r') =
{urviugvy . . . upvy | urug .. uy, € L(r) and vivy...v, € L(r")}, where
u; and v; are arbitrary words.

The number of symbol occurrences of a regular expression will be called
the alphabetic width [2] of the expression.



2 Algorithms to convert a regular expression into
an automaton

During the last forty years, automata synthesis, which is nowadays rather
called conversion of regular expressions into automata, has aroused a lot of
interesting research works. Watson recently published a very comprehensive
taxinomy on this topic [32].

Before reviewing the various algorithms, let us remark that their complex-
ity classically depends either on the size of the expression, which is the length
of the string representing the expression, or on the alphabetic width of the ex-
pression, which is the number of symbols occurring in the expression. These
two parameters are linearily dependent as far as sequences of star operators
and occurrences of the empty word are carefully handled.

Conversion algorithms can be classified into three categories: language
equations systems, position sets and step by step constructions.

2.1 Language equations systems

Let L be a regular language over the alphabet A, and let A = (Q,{0},7, E)
be the finite automaton recognizing the language L. Let us assume that
A=A{ay,...,ap} and that |Q| =n+ 1.

For i € @, the language recognized by the automaton (@, {i}, T, F) is
denoted L(i). We define L(7) inductively as follows:

L(0) = L. (1)
L; = |J Lk).

(4,a;,k)EE
L(i) = yajLijUNull(L(i)),iE[U,n]. (2)

If A is a deterministic automaton, we replace the equation (2.1) by the
following one:

Li; = L(k), with (i, aj, k) € L. (3)

Brzozowski’s word derivatives method [10, 11] works on such a determ-
inistic system, in which each language L(k) is replaced by an equivalent
expression. It yields a deterministic automaton and its time complexity may
be exponential. Similar results are stated by Spivak [29, 30], who introduces
the notion of base in the languages of reqular expressions.



Mirkin [25, ?] generalizes this notion and makes use of a prebase to
compute a nondeterministic automaton with a nice property: the number of
states is at most the alphabetic width of the expression.

More recently, Antimirov [2] presents the concept of partial derivative as
a generalization of word derivative, gives a constructive definition of partial
derivatives, and reports a prototype implementation of NFA construction in
O(n*) time.

Let us mention that Champarnaud and Ziadi [36] have proved that Mirkin
and Antimirov algorithms yield identical NFA automata. They also provide
a more efficient implementation of this algorithm.

2.2 Position sets

In this category, algorithms first linearize the expression: each symbol is re-
placed by its position in the expression, and is associated with a state in the
nondeterministic result. This construction was developed by Glushkov [19,
20] and McNaughton and Yamada [24]. We shall call a Glushkov automaton
the result of this construction. T'he number of states of the Glushkov auto-
maton of an expression is one more than the alphabetic width of the expres-
sion.

A naive implementation of this construction, as in AMoRE [23] and
AG [12] yields O(n®) time complexity. Briiggeman-Klein [8, 9] provides an
O(n?) time algorithm based on the notion of star normal form. Chang and
Paige [17] report a similar complexity result with a lazy evaluation of the
edges of the automaton. Champarnaud et al. [34, 35, 26, 27] compute a linear
space and time representation of the automaton, called the ZPC-structure, and
deduce the transition table in quadratic time. The design of the ZPC-structure
and some algorithmic improvements based on the use of this representation
have been studied by Champarnaud et al. [28, 27, 16].

Let us mention that Glushkov automata have interesting properties. Berry
and Sethi [4] have studied their relation to word derivatives. Caron and
Ziadi [13] have characterized the Glushkov automata in terms of graphs and
of strongly connected components.

2.3 Step by step construction

The algorithms of this category first compute the syntax tree of the expression
and then realize the operations on the expressions by the way of operations
on the automata. Many variants of such algorithms have been described. For



example, the classical Thompson method [31] builds a e-NFA in linear space
and time on the size of the syntax tree, whereas Leiss method [22] computes
a nondeterministic automaton without e-transition.

The algorithm implemented by Champarnaud [15] in Automate turns out
to be similar to the Leiss method, as far as simple expressions are concerned.
This paper was motivated by the 1985 implementation of Automate, since
automata displayed by Automate software looked like Glushkov automata.

3 A variant of the step by step construction

The step by step method consists in representing languages by automata and
realizing operations defined on languages with the help of constructions on
these automata [3, 18]. There exist many variants of this general method,
according to the properties of the automata they build. For instance, the
variant described by Thompson [31] makes use of e-transitions, whereas the
one presented by Berstel [5] works on normalized automata. In the variant
that we consider automata associated with languages are characterized by
the property of being standard and trim. We first formulate the algorithms
of the regular operations (union, concatenation and Kleene closure) adjusted
to such automata, and then present the general algorithm for converting a
regular expression into an automaton.

Let Cy = (Qq,141,11, E1) and C2 = (Q2, 12, T2, E3) be standard and trim
automata. We shall assume that sets ()1 and Qo are disjoint; this can be
always achieved by renaming the states in one of them.

3.1 Algorithm for union operation

The union C; UC;y of two automata Cy and Cy is the automaton C = (Q, 1,7, F)
defined by the following algorithm:

If 71 € T , then 7; is the initial state of the union and 75 is removed. More
precisely, we have:

Q = Q1U(Q2\{i2}),
——
T Ty U (To\ {iz2}) if iy € Ty,
- TyUTy otherwise,
E = E1 U {(Q7aaql) € E2 | q 7£ iQ}vu{(ivaaql) | (iQaaaql) € EQ}'



Otherwise 75 is the initial state of the union and #; is removed. More
precisely, we have:

Q = ('Ql\{il})UQ%

o= 1,

T - T1 UT2,

Eo= {(Qaaaq,) S | q 7& il}vu{(iaaaql) | (ilvaaql) € El} U .

The following properties hold:

1. If the automata C; and Cq recognize the languages I,y and Lg, the auto-
maton C = Cy U Cy recognizes the language Ly U L.

2. If the automata C; and Cy are standard, then C is standard. The initial
state of one of the automata C; or C; must be removed to make C trim.

3. If 7; is a final state in C, it is chosen as the initial state of C. Otherwise
19 is chosen. Therefore C recognizes the empty word if at least one of
the two automata Cy or Cy recognizes it.

3.2 Algorithm for concatenation operation

The concatenation C; + Cy of two automata C; and Cy is the automaton C =
(Q,i,T, F) defined by the following algorithm:

Q
T =

Q1 U (Q2\ {i2}),
Ty U (Ty\ {in}) if iy € Ty,
1 otherwise,
= EiU{(q,a,¢) € Ba|q# 2} U{(q,a,¢) | ¢ € T1 and (43, a,¢") € Ea}.

The following properties hold:

1. If the automata C; and Cy recognize the languages L1 and L9, the auto-
maton C = Cy - Cy recognizes the language Ly - L.

2. If the automata C; and Cq are standard, then C is standard. The initial
state of the automaton Cy must be removed to make C trim.



3.3 Algorithm for the Kleene closure operation

Let C = (Q,4,T, F) be a standard and trim automaton. The Kleene closure
C* of the automaton C is the automaton C* = (Q',#,1", E') defined by the
following algorithm:

QI = Qa
A
oo T itieT,
T U{i'} otherwise,
E' = FU{(q,a,¢)| qe€T and (i,a,q') € E}.

The following properties hold:

1. If C recognizes the languages L, the automaton C* recognizes the lan-
guage L*.

2. If C is standard and trim, then C* is standard and trim.

3.4 Converting a regular expression into an automaton

Let C. be the automaton constructed from the expression e. C, is recursively
defined by the following formulae:

G = ({1}a 1, {1}7 Q))a

Co = ({1,2},1,{2},{(1,q,2)}) for a € A,
CeUe’ - Ce U Ce’7
Ce-e’ = Ce ' Ce’v

Cox = C.~.

The basic automata C; and C, for a € A are standard and trim. Al-
gorithms for union, concatenation and Kleene closure that we have described
preserve these properties.

Example 1: e = (ab+ b)*ba.

Figure 1 illustrates the recursive computation of the NFA C(yp44)+p, construc-
ted by our variant of step by step method. Notice that a word (such as ba) is
a lexical unit for Automate lexical analyser and is (directly) evaluated by its
deterministic minimal automaton. This implementational improvement does
not affect our results.
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Figure 1: Step by step variant on e



4 The Berry—Sethi algorithm

A regular expression e is linear if all letters in e are distinct. For instance,
the expression (a; Uag)*a3a4a5 is linear. Any regular expression may be
linearized by substituting a distinct symbol to each of its letters. For instance,
the last expression is a linearization of the expression (a U b)*abb.

The Berry—Sethi algorithm for converting a simple expression e over the
alphabet A into a nondeterministic automaton can be stated as follows:

1. Consider a linearized version e’ of e over the alphabet A’.
2. Construct a deterministic automaton G’ recognizing L(e’).

3. Replace each letter of A’ labelling an edge of G’ by the corresponding
letter of A in order to produce a nondeterministic automaton G which
recognizes L(e).

The algorithm of derivatives, designed by Brzozowski [11], computes a
deterministic (and not necessarily minimal) automaton from a regular ex-
pression. Berry and Sethi have adapted this algorithm to the case of linear
expressions. More generally, their algorithm works when the language defined
by the expression is local. We shall follow the presentation of Berstel and
Pin [6] for this algorithm.

A language I C A* is local if there exists two subsets P and S of A and
a subset N of A? such that

L\ {1} = (PA* N A*S)\ A*N A*

The sets P, S and N have the following meaning: L \ {1} is the set of
words of A* whose first letter is in P, whose last letter is in S, and whose
factors of length two do not belong to N.

Let L be a local language. The sets P, S and N associated with . are

defined by:

P(L) = {a€ AlaA*NL#0},
S(L) = {a€ A|A*anL #0},
N(L) = {z€A?|A*x A*nL =0}

For instance, the language ((ac)*U (be)*)* over the alphabet A = {a, b, ¢}
is local, since we have:
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((ac)* U (be))* ={1} U [({a,b}A* N A*c) \ A*{aa, ab, ba, bb, cc} A*]

We shall denote by F(L) the complement of N (L) with respect to AZ.
A deterministic automaton G = (Q, 4,7, F) is local if and only if, for every
a € A, edges labeled with a have the same tail.

Proposition 1 (Berstel-Pin [6]) The following conditions are equivalent:
1. L is local.
2. L is recognized by a local automaton.

Proof. (1= 2) Let L be a local language, defined by the sets P, S and F.
Let us denote by G(P, S, F) the automaton (@,7,7T, F') computed from the
sets P, S and F as follows:

Q = auq,
D= 1,

SuU{1} if the empty word belongs to L,

S otherwise,

B = {(1,a,0)]a € P}U{(a,bb)|abe I},
It can easily be checked that G(P, S, F) is local and recognizes L.

T =

(2=1) Let G = (Q,4,T,F) be a local automaton over the alphabet A.
Without loss of generality we can suppose G is trim. Every non initial state
of G is thus the tail of at least one edge. As G is local, there is a bijection
from the set of edge tails onto the alphabet A. Therefore G has 1+ | A| states
which may be renamed in the following way: the initial state is renamed 1,
and a non initial state is renamed with the letter which labels all the edges
entering this state. Thus, every edge of G can be written either (1,a,a) or
(a,b,b), with a,b € A.

One easily checks that G recognizes the local language defined by the sets
P, S and F computed as follows:

P = {a|(1,a,a) € E},
AS = 1—77
r = {ab]|(q,a,a) € F,q€Q and (a,b,b) € K}.0

Proposition 2 Let I be a local language over the alphabet A and G(P, S, F)
the local automaton associated with it. Let A" = (Q', ¢, 17", E') be a trim and
local automaton, on the same alphabet. If A’ recognizes the language L, then

11



A" and G(P, S, F) are identical up to a renaming of states.

Proof. As mentionned in Proposition 1, we use the set {1} U A to rename
the states of A’. As A’ recognizes L, we have:

P o= {a|(l,0,0) € '},
S = 1
F = {ab]|(q,a,a) € E',q€ Q" and (a,b,b) € E'}.

We observe that £’ is computed in the same way as F from the sets P
and F. Moreover, T' =T" = S. Thus, the automata G and A’ are identical,

up to a renaming of states. O

If the local language L is defined by a regular expression e, the empty
word test null(e) and the sets P, S and F' can be computed by means of the
following recursive procedures:

null(1) = true,
null(a) = false, fora € A,
null(eUe’) = null(e) or null(€),
null(e-€') = null(e) and null (¢'),
null(e*) = true.
P =0,
P(a) = {a}, fora€ A,
PleUe) = Pe)UP(e),
Pe)U P(e) if null(e),
Ple-e) = PE@% “ otherw(is)e,
P(e*) = P(e).

)

) =0,

S(a) = {a},forae A,
) = S(e)uS(e),

_ S(e)U S(e) if null(e),
) { S(e) otherwise ,
)

= S(e).

12



F(1) = 0,
F(a) = 0, forae A,

FleUe) = F(e)UF(e),

Ple-€') = Ple)ur(e)uS(e)P(e),
Fler) = F(e)uS(e)Pe).

Proposition 3 (Berstel-Pin [6]) The language defined by a linear expres-
sion is local.

This result is used in Berry—Sethi [4] algorithm which makes calls to pro-
cedures similar to the ones we have described to compute the local automaton
of the language defined by a linearized expression and deduce the Glushkov
automaton of the initial expression.

Example 2: ¢ = (ab+ b)*ba.
Let €' = (a1by + b3)*bsas be the linearized expression of e. We have:

!

(6) = {a17b37b4}7

S(e) = Aas},

(el) = {01527 b2a17 bzb?” b2b47 b3a17 bzb37 53547 b4“5},
(e

null(¢) = false.

We deduce the Glushkov automaton G(,p45)+p, given in Fig. 2.

5 Step by step construction and the Berry—Sethi
algorithm

Proposition 3. The automata constructed by our variant of step by step
construction and by the Berry—Sethi algorithm are identical, up to a renaming
of states.

Proof. Let e be a regular expression over an alphabet A, and €’ be the
linearized version of e, over the alphabet A" = {ay,as,...,a,}. Let C and C’
be the automata constructed by our variant of the step by step construction
for the expressions e and €', respectively.

We first observe that there is a bijection from the set of states of C’ onto
the set {1} U A’. This is a consequence of the properties of the definition of
the operations for union, concatenation and Kleene closure on standard and
trim automata. These operations do not introduce new states, and may only

13



remove states which are initial in the original automata. Thus, the set of non
initial states of the result of our construction is exactly the set of the final
states of the automata representing the letters of the expression. Therefore,
these states can be renamed by the corresponding letters, the initial state
being renamed 1. Subsequently, the states of C’ are assumed to be renamed
with the set {1, a1, az,...,a,}.

We now show that the automaton C’ is local. For every letter a; of €',
an edge (1, a;,a;) is computed when the automaton representing a; is built.
Moreover, the algorithms of union, concatenation and Kleene closure opera-
tions, compute new edges whose tail and label must be the same as the tail
and label of some edge going from the initial state of one of the original auto-
mata. Consequently, all the edges labeled a; have state a; for tail. Thus, the
automaton C’ is local.

By construction C’ is also trim, and it recognizes the language defined
by the linear expression €’. Following Proposition 2, C’ is identical, up to a
renaming of states, to the local automaton of ¢’.

By construction, the automaton C is derived from C’ by replacing the labels
a1,asz, ..., a, by the corresponding letters of A. Thus, C is identical, up to a
renaming of states, to the automaton given by the Berry—Sethi algorithm for
the expression e. O

Example 3: ¢ = (ab+ b)*ba.

The automata computed by our variant of the step by step method and by
the Berry—Sethi algorithm are identical up to the renaming of states: 1 — 2,
2—50,3—>1,4—3,5—5and 6 — 4.

6 Complexity and implementation

The step by step construction and the Glushkov algorithm are both imple-
mented by first computing a parse tree for the expression. The step by step
construction builds an automaton for every node of the tree. In every auto-
maton, states are usually labeled {1,2,...n}. Whenever a union or concaten-
ation operation is performed on two automata, the states (and thus the edges)
of one of the arguments need to be renamed. Renaming an automaton is an
O(v) operation, where v is the number of edges. The Glushkov algorithm
eliminates state renaming: every state of the result is labeled once, by its
corresponding letter. If n is the number of positions in the expression, the

14



resulting automaton has at most as many edges as a deterministic automaton
with n 4 1 states on an alphabet of n letters, hence a complexity of O(n?)
in a naive implementation and a (worst-case optimal) complexity of O(n?) in
Briiggemann-Klein, Chang and Paige or Champarnaud et al. algorithms.

Our variant of the step by step construction works on the transition tables
of the intermediary automata, so it cannot be implemented in O(n?) time.
However, it can be implemented more efficiently by labeling the final states
of the automata for every symbol occurring in the expression with the corres-
ponding letter in the linearized expression. The reason why it is still imple-
mented with state renaming in the Automate package [14] is that such a clas-
sical implementation handles unrestricted expressions, unlike the Glushkov
algorithm. Let us notice that the classical implementation makes it possible
to deal with automaton variables occurring in expressions, which are evalu-
ated from transitions tables. It is not so easy with Glushkov algorithm, since
an arbitrary automaton is not necessarily a Glushkov one, and computing
an equivalent expression by classical algorithms usually yields very large ex-
pressions.

Conclusion

We have used the Berry—Sethi formulation of the computation of the Glushkov
automaton of a regular expression to show that this automaton can also be
produced by a variant of the step by step construction, such that standard and
trim automata are associated to regular languages involved by the successive
steps of the construction. A nice feature of Glushkov automata is the small
number of their states. On the other hand the main advantage of our variant
is that it handles unrestricted expressions.
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Figure 2: Glushkov automaton of e = (ab + b)*ba.
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