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Abstract

The aim of this study is the random generation of non-deterministic
automata. We focus our attention on the random generation processed
with bitstreams for which we present a probabilistic analysis. Let m
be the size of the alphabet. We show that the DFAs obtained by sub-
set construction from n-state NFAs based on equiprobable bitstreams
have a probability of being of size m + 2 that tends to 1 when n
tends to infinity. This property gives an asymptotical explanation to
van Zijl’s experimental results concerning the succinctness of NFAs.
We also determine the probability that a state is reachable from an
equiprobably chosen DFA state. We show that the distribution of the
subsets that appear during the subset construction is an equiprobable
one in the case of bitstreams generated with the probability 2 — 2%
This result is related to the conjecture of Leslie, Raymond and Wood,
which says that the number of states of the DFA is maximum when
the density of the NFA is approximately equal to 2/,. Finally we ex-
tend this probabilistic study to the case of »-NFAs defined by van Zijl.
Keywords: Random generation, non deterministic finite automaton,
*NFA, subset construction.

1 Introduction

Random generation of structures allows us to test algorithms’ perfor-
mance and to illustrate theoretical results. A good knowledge of the
structures’ space that we want to generate is indispensable to design
a generation algorithm. Nicaud has studied the equiprobable random
generation of deterministic n-state automata [7].

Our aim is to make a similar study concerning the random gener-
ation of NFAs. We consider in this paper the random NFA generation



method based on random bitstreams. Van Zijl [8] has used this method
with equiprobable bitstreams in order to compare the succinctness of
various representations of regular languages. We develop a proba-
bilistic analysis of nondeterministic transition tables produced by this
method, which highlights some properties of the associated NFAs. We
especially focus on the number of states of the DFAs obtained by sub-
set construction.

In the first part, we follow the subset construction based on reach-
ability and we consider the case of equiprobable bitstreams. We de-
termine the probability that the image of a given subset of size i by a
given symbol is of size k. We deduce the probability that the image
of the initial state set by a word of length ¢ is of size k. We show
that, for equiprobable bitstreams, the DFAs generated by the subset
construction are asymptotically of size m + 2, where m is the alpha-
bet size. Moreover, in this case, the random NFAs are asymptotically
accessible. This study provides an asymptotical justification of the
experimental results obtained by van Zijl [8].

In the second part, we follow the brute force subset construc-
tion. We determine the probability that a state is reachable from an
equiprobably chosen DFA state. Consequently, the distribution of the
subsets occurring during the subset construction is an equiprobable
one in the case of bitstreams generated with the probability 2 — 2%
We explain how this result is connected to the conjecture of Leslie,
Raymond and Wood [4], which says that the number of states of the
DFA is maximum when the density of the NFA is approximately equal
to 2/p.

We also extend this probabilistic study to the case of x-NFAs de-
fined by van Zijl. The experimental results described in [8] are based
on an equiprobable bitstream generation; they show that U-NFAs and
N-NFAs are very rarely succinct whereas @-NFAs are very often suc-
cinct. We explain how our analysis is related to these results.

The following section gathers some definitions and conventions.
Section 3 describes the bitstream generation method and presents
the studies of van Zijl and of Leslie et al. Sections 4 and 5 develop
the probabilistic analysis of this method. Section 4 is devoted to
equiprobable bitstreams whereas Section 5 addresses non-equiprobable
bitstreams.



2 Definitions and notation

An automaton is a 5-tuple @/=< Q, 3,6, I, F > where @ is a finite set
of states, X is the alphabet on which the automaton is defined, ¢ is the
transition function (5 : Q x ¥ — 22) that associates a subset of Q to
each element of () x 3, I is a non-empty subset of ) whose elements
are the initial states, and F' is a subset of () whose elements are the
final states.

An automaton «7is unary if its alphabet is restricted to one symbol.

An automaton is accessible if and only if for any state ¢ € () there
is a path from one of the initial states to this state. An automaton is
co-accessible if and only if for any state ¢ € @) there is a path from this
state and one of the final states. An automaton that is both accessible
and co-accessible is trim.

An automaton «is a deterministic automaton if it has a unique
initial state and if for all states and for all symbols there is at most
one transition outgoing from this state. A deterministic (resp. nonde-
terministic) automaton is called a DFA (resp. an NFA). For each NFA
o that recognizes a language L, we know how to build an equivalent
DFA (i.e. a deterministic automaton that recognizes the same lan-
guage). The algorithm used to perform this conversion is the subset
construction [1, 11]. It produces the so-called subset automaton. Since
the subset automaton of an n-state NFA can have 2" states [5], we
generally think that the NFAs are (much) smaller than the DFAs.

Following van Zijl [9], we call -NFA an automaton for which the
classical union operation is replaced by any associative and commu-
tative binary operation on sets. In the case of the intersection, we
obtain an N-NFA. The transition function has the form: §(P,a) =
d(p1,a)Nd(p2,a)N---Nd(pk,a), where P = {p1,p2,...,px} is a subset
of Q. A word wu is recognized by an N-NFA if and only if F' C §(I,u).
In the case of the symmetric difference, we obtain a &-NFA. The tran-
sition function has the form: §(P,a) = 0(p1,a)Pd(p2,a)®- - - BI(pk, a).
A word u is recognized by a @-NFA if and only if |§(1,u) N F| is odd.

There is no agreement about the size of an NFA. The choice of the
number of transitions [2] is justified by the memory space required to
implement an automaton. Specific complexity properties depend on
the sum of the number of states and of the number of transitions [3].
However, most of the studies use the number of states to measure the
size of an NFA, and we will adopt this convention.



3 NFA generation by bitstreams

The method used by van Zijl [10] to randomly build a nondeterministic
automaton is the following:

e the alphabet is ¥ = {1,...,m} and the set of states is Q =
{1,...,n},

e an equiprobable bitstream of size mn? is generated; it describes
the transition function J; the occurrence of a non-zero bit at
position (I—1)n?+(i—1)n+; denotes the existence of a transition
from state ¢ to state j and labeled by I,

e there is a unique initial state (state 1),

e the set of final states is randomly chosen, each state having an
equal chance of being final or not.

This method provides an NFA < @, X, 9, I, F' > that is not neces-
sarily accessible nor co-accessible. It is used by van Zijl to measure
the succinctness of n-state NFAs. An NFA sequence is built and for
each NFA the following operations are performed:

e check whether it is trim or not (non-trim automata are rejected),
e compute the equivalent deterministic minimal automaton.

Thanks to these operations the size distribution of minimal automata
equivalent to random NFAs of a given size has been studied [8], leading
to results similar to those of Figure 1.
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Figure 1: The number of minimal n-state DFAs for 5-state binary NFAs
according to [8].

The work of Leslie et al. suggests another approach: their aim is
to study the size of the DFAs obtained by determinization. The NFAs
are built in the following way:

e a connected structure is randomly generated in order to generate
an accessible automaton,

e a unique initial state is randomly chosen,

e the transitions are randomly chosen: if a transition appears
twice, it is rejected and another one is chosen.

The density of an NFA with e transitions is da = —=5 and its deter-

ministic density is dd = -=. Leslie et al. carry out an experimental
study on the size of the DFAs w.r.t. the density of the random NFAs.
Their results point out an optimal deterministic density equal to 2.
Therefore, they suggest the following conjecture:

Conjecture 1 [4] For a given NFA, we can compute the expected
number of states and transitions in the corresponding DFA, produced
by subset construction, from the deterministic density of the NFA. In
addition, this functional relationship gives rise to a Poisson-like curve
with its peak approximately at a deterministic density of 2.



4 Probabilistic analysis: equiprobable
case

We consider here an NFA o7 of size n built on an alphabet X of size m,
associated with an equiprobable bitstream of mn? bits. We suppose
that the initial state is unique.

Let 2 be the deterministic automaton equivalent to .« generated
by the subset construction. We point out that the probability that
the size of Zis equal to m + 2 tends to 1 when n tends to infinity. We
take our inspiration from reachability subset construction. The idea
is that the average size of the image of the initial state by a letter
is equal to n/2 and that the size of the image by a word of length ¢
grows very quickly to n [6]. For a given subset X of size ¢ and a given
symbol a we compute the probability that the image §(X,a) is of size
k. From this we deduce the probability that the size of the image of
the set of initial states by a given word of length t is equal to k.

4.1 Study of the classical NFAs
We consider here that &/is a U-NFA.

Proposition 4.1 Let &/ =< Q,X%,§,1, F > be an n-state NFA asso-
ciated with an equiprobable bitstream. Let X be a subset of () of size
i and a be a symbol of ¥. The probability P(i — k) that the image
d(X,a) of X by a has a size equal to k is given by:

P(0—0)=1and P(0—k)=0,Vk #0

Pi—k) = (; Vi # 0

Proof

Let Z be the random variable in {0,...,n} that is equal to the
size of 6(X,a). Let Z;, 1 < j < n, be the random variable in {0,1}
that is equal to 1 if the state j belongs to 6(X,a) and 0 otherwise.
As the size of X is equal to i, we have: P(Z; = 0) = 1/2¢ and
P(Z; = 1) = 1 — 1/2¢. On the other hand, the variables Z; are
independent. Since Z = ;i? Zj, Z is a binomial of parameters n
and 1— 1/9i. So we have: P(Z = k) = (})(1— 1/2i)*(1/21)"~*. Hence
the result.

0



In the case of a unary alphabet, the probability P(k,t) of reaching

a subset Y of size k by ¢ successive transitions from the set I of initial
states can be calculated as follows. Let us consider the matrix of

probabilities M built as below:

P(0—0) P(0—n)

M = P(i — k)
P(n —0) P(n —n)
The coefficient M; ;. represents the probability of obtaining a subset

of size k by a transition from a subset of size .
For example, for an automaton of size 3 we have the following

matrix:
1 0 0 0
1 3 3 1
M=11% § % &%
4 4 4 4
S8 4 5
12 512 512 512

The probability P(k,t) can be computed according to the formula:

Plk,t) = iP(i,t 1) x P(i — k)
=0

Hence the proposition:
Proposition 4.2 We consider the case of a unary alphabet. Let V4
be the vector of size n whose k" element corresponds to the proba-
bility P(k,t) of obtaining a subset of size k by ¢ successive transitions
from the set of initial states. We will take Vy = (0,1,0,...,0), which
corresponds to the choice of a unique initial state. We have:

Vi, = VoM*

The following table, realized with Maple, shows how the probabil-
ity P(n,2) grows w.r.t. the size n of the NFA. It indicates for example

that P(n,2) is greater than 0.9 when n is greater than 17.

37 46 54 100

17 28
1—10° 1-—10"10

1072 1-103% 1-—-10"*

n >
P(n,2)>|1-10"t 1-




It clearly shows that P(n,2) tends to 1 when n tends to infinity.
As a result, we have:

Proposition 4.3 Let & be a unary n-state NFA associated with an
equiprobable bitstream. The probability that the deterministic au-
tomaton obtained by subset construction from .« has 3 states tends to
1 when n tends to infinity.

We can notice that the deterministic automaton obtained by the
subset construction has a size of 2 if we take an equiprobable set of
initial states. Moreover, this result can easily be generalized to the
case of an arbitrary alphabet size.

Proposition 4.4 Let o/be an n-state NFA associated with an equiprob-
able bitstream. Then, the probability that the deterministic automa-
ton obtained from the subset construction of .« has m + 2 states tends
to 1 when n tends to infinity.

Notice that the deterministic automaton obtained by the subset
construction has m + 1 states if we take an equiprobable set of initial
states.

Moreover, a corollary of Proposition 4.4 is that the probability that
o/is accessible tends to 1 when n tends to infinity. Furthermore, if the
final states are randomly chosen, as the reversed automaton holds all
the properties defined previously, the automaton is co-accessible.

4.2 Study of the x-NFAs

A probabilistic analysis can also be carried out concerning N-NFAs
and ®-NFAs associated with an equiprobable bitstream.

Proposition 4.5 Let & be an n-state N-NFA associated with an
equiprobable bitstream. If the initial state is unique, the probabil-
ity that the deterministic automaton obtained by subset construction
has m + 2 states tends to 1 when n tends to infinity. Otherwise,
the probability that the deterministic automaton obtained by subset
construction has m + 1 states tends to 1 when n tends to infinity.

Proof
We use the same reasoning as for the U-NFAs, the role of the
values 1 and 0 being inverted.



0

Proposition 4.6 Let o« be an n-state ®&-NFA associated with an
equiprobable bitstream. The probability P(i — k) of reaching a sub-
set Y of Q) of size k by a transition from a non-empty subset X of size
1 is independent of 7. We have:
n
P(i— k)= (2in)
Proof

Let O (resp. E) be the set of the odd (resp. even) integers of
{0,...,n}. A state y belongs (resp. does not belong) to y if there
exists an odd (resp. even) number of states of X reaching y. As a
result, we have:

n k n—k
Pl — k) = B Azmx b

where A and B are defined as follows:

=505 ()

keE keO

Hence the result.
O

To conclude this analysis for the case of equiprobable bitstreams,
let us notice that our results (based on subset automata) are in ac-
cordance with van Zijl’s experimental observations (based on mini-
mal DFAs). Indeed Proposition 4.4 (resp. Proposition 4.5) obviously
means that U-NFAs (resp. N-NFAs) generated by an equiprobable bit-
stream are asymptotically never succinct. On the contrary, by Propo-
sition 4.6 the subsets produced by determinization of a &-NFA are
equiprobably distributed. Therefore equiprobable bitstreams lead to
a correct random model to study the succinctness of @-NFAs.

5 Probabilistic study: non-equiprobable
case

The approach is inspired by the exhaustive construction of the subset
automaton. We compute the probability that the image of a sub-
set equiprobably chosen among the 2" possible subsets of ) contains



a given state. It allows us to show that the subsets produced by

determinization are equiprobably distributed in the case where the
n—1

bitstream is generated with the probability ﬁ =2—-2n .

5.1 Study of the classical NFAs

Proposition 5.1 Let & =< Q,X%,0,1, F > be an n-state NFA asso-
ciated with a %—probability bitstream. Let ¢ € @, a € . Let X be an
equiprobably chosen subset of Q). The probability P (x,n) such that
g belongs to §(X,a) is equal to:

2x)" — 2z —1)"
(22)"

P,(z,n) =

Proof

Let V' be the vector of {0,1}" associated with X. Since the subset
X is chosen equiprobably among the 2" subsets of (), the probability
that V[i] is equal to 1 is equal to 1/2, for all 7 in {1,...,n}. Let
V' be the vector of {0,1}" associated with 6~!(q,a). By hypothesis,
the probability that V'[i] is equal to 1 is 1/, for all ¢ in {1,...,n}.
Consequently, the probability that (V]i], V'[i]) is different from (1,1)
is equal to 1 — %, for all 7 in {1,...,n}.

As o7'is a U-NFA, we have: ¢ € 6(X,a) & Jy € X | ¢ € §(y,a).
Thus, ¢ € §(X,a) & i € {1,...,n} | (V[i],V'[{]) = (1,1). Then
the probability that ¢ does not belong to 6(X,a) is equal to: P’ =
(1 — &)™ Hence the result.

O

When the bitstream is equiprobable, we obtain: P,(2,n) = 1 —
(3/4)". Clearly, the probability that V'[i] is equal to 1, for i in
{1,...,n}, is thus different from 1/9. We conclude that the subsets
of (X, a) cannot be equiprobably generated by an equiprobable bit-
stream during the subset construction. The resolution of the equation

2z)" — 2z -1 1

(2z)" 2

gives the following solution:



Using bitstreams of probability ﬁ allows us to maintain that
at each step of the subset construction each subset of () has an equal
chance of appearing. Intuitively it means that for a fixed n, the proba-
bility ﬁ allows us to maximize the average number of DFA’s states.
Let us recall that this property occurs with &-NFAs generated by
equiprobable bitstreams (Proposition 4.6 and Proposition 5.3). Van
Zijl’s results concerning equiprobable bitstreams show that @&-NFAs
are more succinct than U-NFAs and N-NFAs. Our experimental re-
sults bring to light that U-NFAs coming from a bitstream with a prob-
ability equal to ﬁ are more succinct than U-NFAs coming from an
equiprobable bitstream.

Moreover the probability ﬁ increases the chance to get a DFA
having a given (large) size. This is coherent with the experimental
results of Leslie et al. that show that DFAs with maximal size come
from NFAs generated with a density equal to % The gap between
ﬁ and % can be partly explained by the specific parameters of the
experimental protocol used by Leslie et al.: a unique initial state, an
alphabet of size greater than 10 and the use of a connected structure
to build the random NFA.

5.2 Experimental results

First, we have carried out several tests to study the size distribution
of the DFAs built by the subset construction applied to the randomly
generated NFAs. Notice that our approach is sensibly different from
van Zijl’s one, which focuses on the size distribution of the minimal
DFAs equivalent to the randomly generated NFAs. On the contrary,
our study is close to Leslie’s one [4].

Figures 2, 3 and 4 illustrate the results obtained from the tests.
For the first two figures the abscissa represents the number of states
of the DFA obtained by the subset construction applied to a random
NFA; the ordinate represents the percentage of DFAs of a fixed size
generated by subset construction.

For Figure 4 the abscissa represents the size of the subsets pro-
duced by the subset construction applied to random 50-state NFAs;
the ordinate represents the percentage of subsets of a given size gen-
erated during the subset construction.

Concerning the figures 2.[a-f], a sample of 100 000 NFAs of size 5
has been used. Figures 2.a and 2.b show the gain obtained by using the
probability —t~ (Figure 2.b) rather than the probability 1/2 (Figure

z(n)
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2.a) to produce the bitstream. The alphabet size is equal to 2 and the
set of initial states is equiprobably and randomly chosen.

Figures 2.c and 2.d allow the comparison between the two possible
choices for the set of initial states (a set of initial states equiproba-
bly chosen or a unique initial state). These two tests are based on
equiprobable bitstreams.

Figures 2.e and 2.f point out the influence of the alphabet size on
the size distribution of the DFAs. The bitstream is generated with a
probability equal to ﬁ The alphabet size is equal to 2 in Figure 2.e
and equal to 4 in Figure 2.f.

12



% DFASs of size x % DFASs of size x

30% 30%
25% 4 1 25%
20% T 20%
15% 15%
10% 10%
5% 5%
0% |T||||||| I E— 0% —Frrrrr T
0123456 8 10 15 20 25 32 0123456 8 10 15 20 25 32
DFA size DFA size
2.a 2.b
30% % DFAs of size x 30% % DFAs of size x
25% 4 1 25%
20% T 20% 1 ]
15% 15%
10% 10%
5% 5%
0% |T||||||| I E— 0% = e
0123456 810 15 20 25 32 0123456 810 15 20 25 32
DFA size DFA size
2.c 2.d
14% % DFAs of size x 14% % DFAs of size x
12% o 12%
10% 4 dlln 10%
8% 8%
6% 6%
4% 4%
2% 2%
0% —Frrrrr T 0% AT
0123456 8 10 15 20 25 32 0123456 8 10 15 20 25 32
DFA size DFA size
2.e 2.1

Figure 2: Tests on 5-state NFAs.
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Figures 3 and 4 illustrate the pertinence of the probability ﬁ
Figure 3 shows the distribution of the DFAs size, for NFAs of size 20,
50 and 100. The alphabet is of size 2. A sample of 100 000 NFAs
has been used for each graph. The DFAs sizes have been gathered by
brackets of size 10.

14



% DFA of size x
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Figure 3: Size distribution of DFAs
obtained by subset construction ap-
plied on 20-state NFAs (a), 50-state
NFAs (b) and 100-state NFAs (c),
with the probability —
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Figure 4: Size distribution of the
subsets obtained during subset con-
struction applied on 50-state NFAs.
(a): ﬁ—o.m (b):m (c): @Jr
0.01.

Figure 4 enlights the influence of small variations around the value

ﬁ on the repartition of the size of subsets. With a smaller value

16



(ﬁ —0.01) the size of subsets is smaller (Figure 4.a). With a larger

value (ﬁ + 0.01) the size of subsets is larger (Figure 4.a). For each
one of these graphs, the size of the alphabet is 2, and a sample of 1000
NFAs has been used.

5.3 Study of the x-NFAs

A probabilistic analysis can also be carried out concerning the N-NFAs
and the &-NFAs associated with non equiprobable bitstreams.

Proposition 5.2 Let & be an N-NFAs of size n associated with a
bitstream with a 1/p-probability. Let ¢ € @, a € ¥. Let X be an
equiprobably chosen subset of (). The probability P that ¢ belongs to
d(X,a) is equal to:

235—1)" 1

Po(z,n) = ( 2x o ogn

xn
Proof
Let V' (resp. V') be the vector of {0,1}" associated with X
(resp. to 6 1(g,a)). For any i in {1,...,n}, the probability that V[i]
(resp. V'[i]) is equal to 1 is equal to 1/9 (resp. 1/;). Therefore, the
- . ENTET . 2r—1
probability that (V'[i], V'[i]) is different from (1,0) is equal to =5==,
for any i in {1,...,n}.
Since «/is an N-NFA, we have ¢ € 6(X,a) < Vy € X, q € §(y,a),
and consequently:

ged(X,a) e Viell,. .. ,n}, (V[i],V'[]) £ (1,0) and Ji € {1,...,n} | V[i] =1

Therefore the probability that ¢ belongs to (X, a) is equal to:

2 — 1\n 1
= (1) -4
n(@,n) 2x "
]
When the bitstream is equiprobable, we get Pn(2,n) = (%)n — 2%

Proposition 5.3 Let o be a &-NFA of size n associated with a bit-
stream with a probability of 1/,. Let ¢ € @, a € 3. Let X be an
equiprobably chosen subset of ). The probability Pg(x,n) that q
belongs to §(X, a) is equal to:

1 1
20 —1) 2z (z—1)

Pg(z,n) =

17



Proof

Let V (resp. V') be the vector of {0, 1}™ associated with X (resp.
with 671(¢q,a)). For any i in {1,...,n}, the probability that Vi
(resp. V'[i]) is equal to 1 is equal to 1/9 (resp. 1/;). Therefore, the
probability that (V[i], V'[i]) is different from (1,1) is equal to 221,
and the probability that (V[i],V'[i]) is equal to (1,1) is equal to 5=,
for any ¢ in {1,...,n}.

Since &7 is a &-NFA, we have:

g€ i(X,a) e {ye X st. ¢g€d(y,a)}| =0 mod 2

We assume that n = 2p and that P denotes the probability Pg(z,n).
Let E (resp. O) be the set of even (resp. odd) integers of {1,...,n}.
Let E' be the set of odd integers ranging between 1 and n — 2. We
have:

Hie{l,...,n}st. (V[i|,V'[i])=(1,1)}] =1 mod 2
q€o(X,a) & { ie{l,....,n}st. (VI Vi) # (1,1} =1 mod2
Hence:
p— >keo (1) 2z — D
(20)"
P= Pkeo ("p) (22 — 1)f +)Zk60 (iop) (22 — 1)
2x)™
p_ > k=0 (n;l)(zm D23 (n;l)(zm 1)
- (2z)"
po L 28w ()@ -1
2z (2z)"
1
T TaE T T
So finally:
Py(x,n) = 1 1

20 —1) 2z (z—1)
The proof is similar for n = 2p 4+ 1, with the hypothesis:

Hie{l,...,n}st. (V[i,V'[i])=(1,1)}] =1 mod 2

q€3(X,a) < { i€ {1,....n} st (VL V') # (LD} =0 mod 2

18
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When the bitstream is equiprobable, we get Pg(2,n) = 1/9— 1/9n.

In this expression, the term —1/9n correlates to the case where X is

empty. So when X is a non-empty subset, a state ¢ is reached with

a probability equal to 1/9. A @-NFA generated from an equiprobable

bitstream equiprobably produces any subset of X durirég)the subset
k

construction. This is coherent with the probability PP = 33 of obtain-

ing a subset of size k from a subset of size i (Proposition 4.6).

6 Conclusion

The probabilistic analysis of nondeterministic transition tables asso-
ciated with an equiprobable bitstream gives an asymptotical justifica-
tion of van Zijl’s experimental results. On one hand, a reject algorithm
can be used to generate accessible NFAs, and on the other hand the
associated DFAs have an asymptotical size of m + 2. We can notice
that the asymptotical behaviour is obtained as soon as the automaton
has more than 30 states. Van Zijl’s results are based on NFAs of size
less than 10 with a unique initial state, so the succinctness is relatively
better in her results. Moreover, the analysis of the distribution in size
of the DFAs obtained by subset construction seems to be fruitful. The
generation of NFAs associated with bitstreams with a probability of
ﬁ — 22" leads to an optimal range. This result is coherent with
the conjecture of Leslie et al. that says that the number of states of
the DFA is maximum when the deterministic density is approximately
equal to 2.
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