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Abstract

Our aim is to review some representations of Boolean functions of n variables based
on models issued from automaton theory. Let us consider the family L, of languages
made of words of length n over a given alphabet of size two. Every language L of L,
can be interpreted as the truth table of a Boolean function f of n ordered variables. The
minimal deterministic automaton of L yields a classical representation of the associated
function f: the QROBDD (Quasi Reduced Ordered Binary Decision Diagram) of f. The
minimal deterministic automata of maximal size of the languages of the family L,, have been
characterized regarding their structure and their size. Here we describe a representation
based on the construction and the reduction of a nondeterministic automaton, and we study
its properties. The practical interest of this work is linked to the use of Boolean functions
in the area of cryptology.
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1 Introduction

The Boolean functions of n variables (f : {0,1}" — {0,1}) are extensively used in numerous
applied fields such as fiability or cryptology. Practically, the size of the objects generated by the
computation (truth tables, fault trees, ...) may become prohibitive; therefore many attempts
have been done to define efficient data structures [8]. Here we are especially interested by
representations based on models issued from automaton theory.

Let A = {a,b} be an alphabet with two symbols, and let L, be the family of languages
made of words of A™ (i.e. words of length n). Every language L of L, can be interpreted as
the truth table of a Boolean function f of n ordered variables. According to Myhill-Nerode
theorem [10], every regular language L is recognized by a minimal deterministic (complete and
accessible) automaton Az, which is unique up to an isomorphism and minimal regarding to the
number of states. For a language L of L,,, the automaton Ay, is thus a canonical representation
of the Boolean function f associated to L; among BDDs community, this representation is called
the Quasi Reduced Ordered Binary Decision Diagram or QROBDD of f [2]. The subfamily of
languages of L, whose minimal deterministic automaton has a maximal size has been studied
in [5]; a characterization of the structure and of the size of the associated automata, called min-
max automata, has been provided. The Boolean functions corresponding to minmax automata
seem to have interesting properties for cryptology applications [9].
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In this paper, we present a nondeterministic approach for the representation of Boolean func-
tions. It is well-known that there exists no canonical representative of the set of nondeterministic
automata recognizing a given language, and that the computation of a nondeterministic auto-
maton with a minimal number of states is PSPACE-hard in the general case [6] and NP-hard in
the case of L,, languages [1].

However, designing a representation of Boolean functions based on the construction and the
reduction of nondeterministic automata seems interesting since it is likely to reduce the size of
the space necessary to store the function. Thus, one can expect, in some cases, to be able to
compute a nondeterministic representation, when the construction of a deterministic solution
would fail by lack of memory space.

The paper is organized as follows: we first recall basic notions of automaton theory, then
we describe deterministic constructions (minimal deterministic automaton, QROBDD, OBDD,
minmax automata) and finally we present a nondeterministic approach.

2 Preliminaries

We briefly recall the main notions of automaton theory used in this paper. For further details
about these topics, we refer to classical books such as [11].

Let X be a finite alphabet. A finite automaton over X is a 5-tuple M = (X,Q, I, I, T') with:

e () is a set of states,

e | is a subset of () whose elements are the initial states,

e I is a subset of () whose elements are the final states,

e T is a subset of the cartesian product @ X ¥ X () whose elements are the transitions.

The graph G = (Q, T, Y) is the state graph of the automaton M. The application ¢ from
Q x ¥ to 29, such that: Vg € Q,Va € ¥, 6(q,a) = {¢' € Q| (¢,a,¢") € T} is the transition
function of M.

The automaton M is deterministicif there is only one initial state and if for all (¢,a) € @ xX
there is at most one state ¢’ such that (¢, a, ¢') € T. We say that M is a DFA if it is deterministic
and a NFA otherwise. For a DFA, the transition function is an application from @ x X to @,
and the state (¢, a) is denoted by ¢ - a.

A path of M is a sequence (g;,a;,Gi+1), t = 1,...,n, of consecutive edges. lts label is the
word w = aias...a,. A word w = aias...a, is recognized by the automaton M if there is a
path with label w such that ¢; € I and ¢,4; € F. The language recognized by the automaton
M is the set of words which it recognizes; it is denoted by L(M). Two automata are equivalent
if they recognize the same language. A language L is recognizable if and only if there exists an
automaton A such that L(A) = L. Kleene’s theorem [7] states that a language is recognizable
if and only if it is regular.

Let ¢ be a state of the deterministic automaton M = (X, Q, 7, ,T). The (right) language of
q is the language recognized by the automaton M, = (X, Q), ¢, I, T') deduced from M by taking
¢ as the initial state.

An automaton is complete if its transition function is defined for every element of @ x X. A
state ¢ is accessible (resp. coaccessible) if there exists a path from an initial state to ¢ (resp. from
¢ to a final state). An automaton is accessible (resp. coaccessible) if all its states are accessible
(resp. coaccessible). An automaton is trim if all its states are accessible and coaccessible.

Let L be a regular language and u be a word of ¥*. The (left) quotient of L w.r.t. u
is the language u™'L = {v € X* | wv € L}. The following property holds: a language is



regular if and only if the set of its quotients is finite. It leads to the definition of the automaton
A = (2,Q, i, F, ) which is such that:

e () is the set of the quotients of L,

e i is the language L itself,

e F' is the set of quotients which contain the empty word,

e § is defined by: §(u='L,2) = (uz)~'L.

The automaton Ay, is deterministic, complete, accessible. It recognizes L and it is uniquely
defined, up to an isomorphism. Moreover it can be shown that it has a minimal number of states.
Therefore it is called the minimal automaton of L. It can be deduced from any deterministic
automaton recognizing L by computing its Nerode equivalence [10].

3 Deterministic representation of a Boolean function

Let n be a positive integer and let z, ...,z, be n Boolean variables. Let B, be the set of
Boolean functions of the n variables xz;.

3.1 Minimal deterministic automaton

Let us consider a two-symbol alphabet A, say A = {a, b}, and let L,, be the family of languages
made of words of A” (i.e. words of length n). There is a one-to-one mapping from B,, to L,
which associates the language L/ to the function f. As mentionned in [4], L/ can easily be
deduced from the truth table of f as follows: if m = my A m3... A m, is a minterm such that
f(m) =1 then the word u = uy - ug... - uy, is in LY, with u; = a if m; = 77 and u; = b if m; = ;.
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Figure 1: Truth table, minimal automaton and OBDD.

For example, let ¢ = (T1 A (T2 AT3) V 22)) V (21 A (T2 V (22 A T3))). The first graph of
Figure 1 represents both the truth table of g and a deterministic automaton recognizing the
language 19 = {aaa, aba, abb, baa, bab, bba}.

Thus, according to Myhill-Nerode theorem [10], the minimal deterministic automaton A
of the language L/ associated to a given Boolean function f is a canonical representation of
f. This representation is known as the Quasi Reduced Ordered Binary Decision Diagram or
QROBDD of f [2]. For example, the second graph of Figure 1 is the minimal automaton Ars.



3.2 Ordered Binary Decison Diagram

As a language representation, the state graph of A; ; cannot be reduced. Conversely, as far as
it is interpreted as the representation of a Boolean function, it can be reduced, according to the
Boolean properties z; VZ; = 1 and z A 1 = 2z, where z is any z; or any T;. This leads to the
second rule of the procedure REDUCE [2] and to the representation called OBDD (Ordered
Binary Decision Diagram) which is canonical too and minimal w.r.t. the number of nodes.
Notice that this rule is equivalent to the computation of the e-closure of the graph deduced from
Ars by replacing pairs of transitions ((7, a, j), (¢,b, j)) by a unique e-transition. Of course the
resulting automaton does not recognize L/ any more. For example, the third graph of Figure 1
is the OBDD of the function g.

3.3 Minmax automata

According to [5], given a positive integer n, the minimal automaton of a language L of L,, is said
to be a minmax automaton if and only if the number of its states is maximal. It is shown that
for all 7, 0 <4 < n, the number of states of the level ¢ of the minimal automaton of a language
L of L, is not greater than s; = min(?i, 22" 1). Furthermore, if z is the real number such
that n = 2 + 2 and k = [2], we have: i < k = 20 < 2" —landi> k= 2° > 22" — 1.
Hence, given a positive integer n, it is possible to construct a minimal automaton with exactly
s; states at level 4, where s; = 2' for all 4,0 < i < k and s; =22 —1forall 4, k < i < n.
This construction is illustrated by Figure 2, with n = 5.

Figure 2: A minmax automaton.

Finally the following property holds for the number s(n) of states in a minmax automaton
of L,:
1= hnrr_1>1£f ns(n)/2" < limsupns(n)/2" = 2
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4 Nondeterministic representation of a Boolean function

Let f be a Boolean function of n variables and L be the associated language in L,. Let Ay, be
the minimal deterministic automaton of L. Our aim is to deduce from A;, a nondeterministic
automaton B which recognizes I, and which has fewer states than Ap,.

We describe a reduction procedure based on occurrences of specific subgraphs in the state
graph of Aj,. This procedure involves k successive levels denoted by i, i+ 1, ... and i + k — 1.
It is likely to reduce the number of states of levels ¢ + 1 to ¢t + k& — 2, as well as the number of
transitions going out from these levels, while it keeps constant the number of states of the levels
¢t and ¢ + k — 1. We first present the version involving three levels, illustrated by the Figure 3.
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Figure 3: Transformation of type A.

Let ¢ be a state of the automaton Ay, belonging to the level ¢ and such that ¢-a # ¢ - b.
An elementary transformation of type A is applied to the subtree rooted in ¢, if ¢ - aa = ¢ - ba.
In this case, a new state ¢’ is created at the level 7 4 1, as well as a transition by a from ¢’ to
q.aa, and a transition by a and one by b from ¢ to ¢’ (these two transitions are represented by
a dash line from ¢ to ¢'). Transitions by « from ¢.a and ¢.b to ¢.aa are removed. The resulting
automaton B is nondeterministic since there exist two transitions by a (and two transitions by
b) exiting from the state ¢. Similarly, an elementary transformation of type B is applied to the
subtree rooted in ¢, if ¢ - ab = ¢ - bb.

Proposition 1 Applying transformations of type A or B to the states of a given level of the
automaton Ay, preserves the recognized language.

Proof. The (right) language of each state at level i 4+ 2 is unchanged. Therefore, the language
of the state ¢ in the automaton B is equal to its language in the automaton Ay,. Notice that
there is no condition concerning the connection of the subtree rooted in ¢ to the rest of the state
graph.

[

The immediate benefit of these transformations is not obvious: an individual transformation
generally makes the number of states and the number of transitions be increased by 1, even



though they are decreased by 1 in the case when ¢-aa = ¢-ba and q.ab (or ¢.bb) is not defined,
or symetrically when ¢ - ab = ¢ - bb and g.aa (or q.ba) is not defined.

In fact, transformations of type A and B are interesting because they are likely to modify
the right languages of some states at level 2+ 1. Thus, performing these transformations globally
at level 7 may lead to merge some states at level 7 + 1.

Let us give a generic example of such a reduction of the number of states. Let us suppose
that there exist p states qq, ..., g, at level 7, for which the transformation A is suitable and such
that ¢; -ab = r and ¢; - bb = s, for all j from 1 to p. The Figure 4 illustrates this situation with
p=2.

Figure 4: Example of reduction on three levels.

After transformation A is performed, the states ¢; - a, for all j from 1 to p, appear to be all
equivalent. Similarly the states g; - b, for all j from 1 to p, are all equivalent. In this generic
example, the number of states is decreased by p — 2, as well as the number of transitions.

The transformations A and B can be generalized to the case when & successive levels are
involved (k > 3).

This will be illustrated by extending the previous example to the case of 4 levels. We suppose
that there exist p states ¢y, ..., gy at level ¢ such that the transformation A is suitable for the
states ¢; - a and ¢; - b, for all j from 1 to p. Moreover we assume that: ¢; - aab = r, ¢; - abb = r,
¢; - aba =t and ¢; - abb = u, for all j from 1 to p. The Figure 5 illustrates this situation with
p=2.



Figure 5: Example of reduction on four levels.

After transformation A is performed, the states ¢; - a, for all j from 1 to p, appear to be all
equivalent. Similarly the states ¢; - b, for all j from 1 to p, are all equivalent. In this example,
the number of states is decreased by 4p — 2, and the number of transitions by 7p — 8.

Notice that the second rule of the procedure REDUCE can be applied to the state q;, for all
7 from 1 to p, since q§- is connected to the same state qé-’ by one transition by @ and one by b.
The result is that q;- is removed and ¢; is directly connected to qé-’ by one transition by @ and

one by b. Hence an additional reduction of p states and 2p transitions.

5 Conclusion

The inductive computation of the minimal deterministic automaton of the language denoted by
an arbitrary regular expression [3] associates a nondeterministic representative to each subex-
pression, and the determinization and minimization operations are only performed once, on the
result of the evaluation. On the opposite, the step by step computation of the QROBDD of a
Boolean expression [2], associates its minimal deterministic representative to each subexpres-
sion. The main objective in designing an efficient nondeterministic representation is to reduce
the memory space. We expect that in some cases this approach may yield a solution when the
deterministic one would fail.
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