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Résumé

Brzozowski’s minimization algorithm is based on two sucbes deter-
minization operations. There is a paradox between its fveaise) exponen-
tial complexity and its exceptionally good performance iagtice. Our aim
is to analyze the way the twofold determinization perforhesminimization
of a deterministic automaton. We give a characterizatiothefequivalence
classes ofd w.r.t. the set of states of the automaton computed by the first
determinization. The second determinization is expeatecbinpute these
equivalence classes. We show that it can be replaced by dispeoccedure
based on the classes characterization, which leads to aefiimient variant
of Brzozowski’s algorithm.
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1 Introduction

It is well known that given a regular languadeover an alphabet there exists
a canonical deterministic automaton which recognizesamely the minimal (de-
terministic) automaton af,, whose states are the left quotientd.ok.r.t. the words
of ¥2*. This automaton, denoted b4;,, is unique (up to an isomorphism) and it has
a minimal number of states [13]. Moreover, it can be compiéiteh any determi-
nistic automaton recognizing by merging states which have identical right lan-
guages. There exist numerous algorithms to minimize a mététic automaton.
Watson published a taxonomy on this topic [18].



Among the various possible constructions, Brzozowski'simization algo-
rithm [3] is of a specific interest, regarding to severalesida which are discussed
below. Let us first recall how it works. Led be a (non necessarily deterministic)
automatond(.A) be the subset automaton.dfandr(.A4) be the reverse automaton
of A. Brzozowski’s algorithm is based on the following theorem :

Ar = d(r(d(r(A))))

This is a deep result since it relates DFA minimization to sibaperation, the
determinization one. Let us mention that it has been gemetaby Mohri to the
case of bideterminizable transducers defined on the trogérairing [12]. Brzo-
zowski's theorem is also a fundamental tool for the comjpnadf the nondetermi-
nistic minimal automata of a regular language. Let us cigeitiiplementation [6]
of the canonical automatafy, defined by Carrez [4, 1] and the construction of the
fundamental automatafy, by Matz and Potthoff [11].

We are here especially interested by algorithmic and caxitpleeatures. Wat-
son used the fact that Brzozowski's algorithm can take a ewmchinistic auto-
maton as input to design an algorithm which directly cortdtr@ minimal deter-
ministic automaton from a regular expression [19]. Sinceaim is to study the
way Brzozowski's algorithm performs a minimization, we heissentially consider
the case when the initial automaton is a deterministic ohe.@aradox is the fol-
lowing : since Brzozowski's algorithm performs two detemnimations, its (worst
case) complexity is exponential w.r.t. the number of stafelse initial automaton ;
nevertheless, as reported by Watson [18], Brzozowski'srdalgn has proved to
be exceptionally good in practice, usually out-performiftmpcroft's algorithm [7]
significantly. Let us add that the average complexity of tgerithm has been pro-
ved to be exponential for group automata, although theyylikee a favourable
case since they are both deterministic and codetermirjistic

Our contribution is the following. Le#l be a deterministic automaton. We give
a characterization of the equivalence classed oi.r.t. the set of states afi-(A),
that is after the first determinization. The second detematiion is expected to
compute these equivalence classes. We show it can be refipeespecific proce-
dure based on the classes characterization, which leadstweaefficient variant
of Brzozowski's algorithm.

Next section recalls some useful notations and definitidresitomata theory.
Section 3 is especially devoted to determinization and mmiggtion operations.
Section 4 presents Brzozowski’s minimization algorithnal &s proof. Section 5
provides an original analysis of the algorithm and the vdngleads to.



2 Preliminaries

Let us first review basic notions and terminology concerrfinde automata
and regular languages. For further details, classical ©{ak8] or handbooks [20]
are excellent references.

Let X be a non-empty finite set afymbols called thealphabet Symbols are
denoted byzq, zo, ..., z,. A word u over X is a finite sequencéy:, yo, -.-, Yn)
of symbols, usually writtery;ys...y,,. Thelengthof a wordu, denotedu| is the
number of symbols im.. Theempty worddenoted byt has a zero length. i =
Y1Y2---Yn andv = 21 2s...2, are two words oveE, theirconcatenation:-v, usually
writtenvw, is the wordy; ys...y, 21 22...2,. The set of all thevordsoverX is denoted
>*. A languageover ¥ is a subset oE*. The operations of union, concatenation
and star over the subsetsXf are calledegular operationsTheregular languages
over X are the languages obtained from the finite subsets*dby using a finite
number of regular operations.

A (finite) automaton is a 5-tupld = (Q, %, 4, I, F) whereQ is a (finite) set
of states . is a finite alphabet] C ( is the set of initial stated’ C @ is the set of
final states, and is the transition function. The automatg@# is deterministic(M
is a DFA) if and only if|I| = 1 andd is a mapping fron@ x ¥ to Q. OtherwiseM
is aNFAands is a mapping fron) x = to 29. The automatotM is completef and
only if § is a full mapping. Apathof M is a sequencéy;, a;, gi+1),7 = 1,...,n, of
consecutive edges. Ilabelis the wordw = a1as...a,. AWordw = aias...a,
is recognizedby the automatooM if there is a path with labeb such thaiy, € I
andg,+1 € F. The languagd.(M) recognizedby the automatooM is the set of
words which it recognizes. Two automatd and M’ areequivalentf and only if
they recognize the same language. A stacizessibldresp.coaccessiblgif and
only if there is a path from an initial state to this state |frefsfom this state to a
final state). An automaton tem if and only if all its states are both accessible and
coaccessible.

Kleene's theorem [10] states that a language is regulardifoenty if it is reco-
gnized by a finite automaton.

Let g be a state ofd = (Q, %, 6, 4, F'). Theright languageof ¢ is the language
L;i“(q) (written Ly(q) if not ambiguous) recognized by the automatdp(q) =
(Q,%,4,q, F) obtained fromA by makingg the unique initial state. Thieft lan-
guageof ¢ is the IanguageL_;]“(q) (written L,(g) if not ambiguous) recognized by
the automatond,(q) = (Q, %, d,1,q) obtained fromA by makingq the unique
final state. We will use the following proposition :

Proposition 1 An automaton is deterministic if and only if the left langeagf its
states are pairwise disjoint.



Thereverser(u) of the wordu is defined as follows r(¢) = ¢ and, ifu =
uU2...up, thenr(u) = vivs...vp, With v; = up_;41, for all i from 1 to p. The
reverse of the languagég is the language (L) = {u | r(u) € L}. Thereverse
of the automatomd = (@, %, 4, I, F) is the automatonr(A) = (Q, %, r(6), F, ),
obtained fromA by swapping the role of initial and final states and by reveysi
the transitions.

We will use the following propositions, wheré is a trim automaton :

Proposition 2 If A recognizes the languaglthenr(A) recognizes the language
r(L).

Proposition 3 If the left (resp. right) language of the stageén A is Ly(q) (resp.
L4(q)), then its left (resp. right) language i{.A) is Lq(q) (resp.Ly(q)).

3 Determinization and minimization operations

3.1 Determinization

Definition 1 Let A = (Q, %, d, I, F) be a NFA. The subset-automatonfs the
automatord(A) = (Q', %, ', {i'}, F') defined as follows [8, 20] :
— Set of states : A deterministic state is a set of nondetéstitirstates ; for all
q' in Q', we havey C Q.
— Initial state : The initial state irl(.A) is the setl of initial states inA.
— Set of transitions : Lef’ be a deterministic state andbe a symbol irk. If
the transition fromy’ on symbok is defined, then, by construction, its target
is the statey’ (¢, a) such that :

§'(dha) = | d(g.a). 1)

qeq’

— Set of final states : A deterministic state is final if and dhlycontains at
least one final nondeterministic state’:c F' < ¢' N F # 0.

We will use the following proposition :

Proposition 4 The right language of a staig of d(.A) is equal to the union of the
right languages of the statesof A belonging to the subset.

Letn (resp. n’) be the number of statesdn(resp. ind(.A)). As stated by Rabin
and Scott [16], the upper bound < 2" — 1 can be reached. Moreover, the auto-
matond(A) can be computed with the following complexity [15, 5D{y/n22")
when using lists, an®(n?(log n)2") when using balanced search trees.



3.2 Minimization

The (left) quotient of a regular languadiew.r.t. a wordu of 3* is the language
u 'L ={v € X* | uv € L}. The minimal automatopt;, of a regular languagé
is defined as follows :
— the set of states is the set of quotientd.of
— the initial state id,
— the final states are the quotients which contain the empig,wo
— the transition function is such thétu='L,z) = (uz)~'L.
The automatondy, is unique up to an isomorphism and it has a minimal number
of states [13]. We will use the following proposition :

Proposition 5 A (deterministic, complete, accessible) automaton isnmahif and
only if the right languages of its states are all different.

The automatondy, can be computed from any deterministic automaton reco-
gnizing L by merging states which are equivalent w.r.t. Nerode etgria :

s=tescuce Fet-ueF,YueX

Computing Nerode equivalence can be realized witha2) complexity [13].
Using the notion of coarsest partition leads to a complexit§) (nlog(n)) [7].

4 Brzozowski’'s minimization algorithm

Let A be an automaton. Lek(.A) (resp.r(.4)) be the subset automaton (resp.
the reverse automaton) &f. We will write dr(.A) for d(r(A)), rdr(.A) for r(d(r(A)))
anddrdr(A) for d(r(d(r(A)))).

Brzozowski’'s algorithm is based on the following theore:[3

Theorem 1 (Brzozowski, 1962) Given a (non necessarily deterministitoma-
ton A recognizing a regular languagg, the minimal deterministic automatofy,
of L can be computed by the formula :

Ar = drdr(A)

Proof. The proof is based on Propositions (1)—(5). By constructtbe automa-
ton drdr(.A) is deterministic, complete and accessible. From Proposif2) it
recognizes the languade Let us show that the right languagesdiir(.A) are
all distinct. From Proposition (1) the left languagesdof.A) are pairwise dis-
joint. From Proposition (3) the right languagesrdi-(.4) are the left languages of
dr(A). Therefore they are pairwise disjoint. From Propositiona4ight language
of drdr(.A) is a union of right languages ofir(.A). Since the right languages of
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rdr(A) are pairwise disjoint, the right languagesdofir(.A) are all distinct. Thus,
by Proposition (5) the automatairdr(.A) is minimal.

5 Analysis of Brzozowski’s algorithm

5.1 Split and join for minimizing

Let A be an automaton which recognizes a regular langdag#’e study the
transformation of the sequendg = (La“(q))qu of the right languages of the
states of4, when the twofold determinization is performed :

1 2
Sd —rdr Sd —drdr Sd

Notice that since the languages$)f are pairwise disjoint and the languagesSgf

are all distinct,S‘é andSﬁ are sets. Let us remind that the right language of a state is
a (left) quotient ofL if A is deterministic and a subset of the intersection of some
(left) quotients ofL if A is nondeterministic. The first determinization splits the
right languages afd into disjoint pieces, whereas the second one joins the piece
in order to recombine the set of (left) quotientslofThe effect of the twofold de-
terminization is illustrated by the Example 1. This examglatentionally simple :

the initial automaton is deterministic and even minimal.

Example 1

Let ¢; and g» be two states ofd. We suppose that there exist three distinct
words, u, v and w such that :L7Y(g1) = {u,v}, Li(g2) = {v,w}, {g | u €
LA} = {a) {a | w € L)} = {e2} and{q | v € LA(@)} = {a1,42}.
We suppose that there exist two distinct wordand¢ such that :L;‘(ql) = {s},
Li@) = {th{a] s € L@)} = {a} and{q | t € L}(@)} = {ao}.

The determinization af(.A) produces the three state$, ¢;, and g5 of dr(A)
such that :¢} = {¢1}, ¢4 = {¢2} and g5 = {q1,¢2}. The right languages af},
g5 andgj in rdr(.A) are pairwise disjoint (they are respectively equalig, {w}
and{v}).

The effect of the first determinizatias that the two right language$u, v}
and {v, w} of A have been split into three right languagesrir(.A) : {u}, {w}
and{v}.

Notice that the left languages @f, ¢5, andgj in rdr(A) are respectively equal
to {s}, {t} and{s, ¢} and thus all distinct. This is due to the fact thétis deter-
ministic (see Proposition (6)).



The determinization ofdr(.A) produces the two state§ and g of drdr(.A)
such that :¢ = {¢},¢5} and gy = {¢5, ¢5}. The right languages aof] and¢j in
drdr(.A) are distinct (they are respectively equalfte, v} and {v, w}).

The effect of the second determinizatigrthat the three right language:},
{w} and{v} of rdr(.A) have been joined into two right languagesdndr(.A) :
{u,v} and{v,w}.

5.2 The deterministic case

Brzozowski’s algorithm can be applied to a nondeterminiatitomaton. Here
we focus on the case whea is deterministic. Proposition (6) is due to Brzo-
zowski [3]. Proposition (8) and Corollary (1) are very likealot original. These
propositions are gathered in this section for sake of corapéss.

Proposition 6 If A is deterministic, thedr(.A) is the minimal automaton ef{L).

Proof. SinceA is deterministic, its left languages are pairwise disjoamtd so are
the right languages aof(A). The right languages afr(.A), which are unions of
right languages of(.A), are therefore all distinct.

Proposition 7 If A is deterministic, then a state ofir(.A) is a union of Nerode
equivalence classes of the automatén

Proof. The transition function of (A) is denoted by,. Letg; andgs be two states
of A =(Q,%,4,i, F). We have :

01 =@ [Lia) = L (e) © LI (q) = L5 (g2)]

Let ¢’ be a state ofir(.A). By construction, there exists a woudof 3* such that
q = 6,(F,u). We have g € 6,(F,u) < u € LQ(A) (q). Thereforeg, andg, are
equivalent if and only if they are such thagy: € 6, (F,u) < g2 € 6, (F,u). Thus,
a state ofrdr(.A) is a union of equivalence classes of stateglin

Corollary 1 Let A be a deterministic automaton recognizing a regular languag
L. Letn be the number of states &f. Letr be the number of (left) quotients bf
Then the deterministic complexity(f4) is 2" < 2.

The following proposition leads to a characterization &féguivalence classes
of A. It says that two statgsandgq of A are equivalent if and only if they belong
to the same states df(.A). This property can be seen as a corollary of Proposi-
tion (8).



Proposition 8 Letp andg be two states afl. It holds :
p=qe[pe P qe P,VP € Qyu)

Proof. We have p = ¢ & [u € Ly(p) & u € L4(q), Vu € ¥*]. Moreover
La(p) = U,epr(Lg(P)), With P € Qg4,4)- Hence the result.

6 A variant of Brzozowski’s minimization algorithm

We still assume thatl is deterministic. We show that the Proposition (8) leads
to an original computation of the equivalence classes oftates ofA4 after the
determinization of-(A) is achieved. On the one hand this result allows us to have
a better understanding of how Brzozowski’s algorithm penfothe minimization :
the second determinization actually is a state-equivaldrased procedure. On the
other hand it yields a variant of Brzozowski’'s minimizatialgorithm, where the
second determinization is replaced by a more efficient caationm of the equiva-
lence classes.

The Algorithm 1 computes the equivalence classegloThe partition ofQ)
initially contains two sets Q — F' and F'. At each step of the algorithm, a set
Y of the current partition contains possibly equivalentestatn the sense that so
far they belong to the same statesdof.A). Every time a new stat& of dr(.A)
is processed, it is checked w.r.t. every set of the partitioorder to detect sets
containing non-equivalent states.4f



Begin
Partition < {Q — F, F}
Waiting < {F'}
While Waiting # () do begin
X < First(Waiting)
Waiting < Waiting — {X}
Processed < Processed U {X}
for all « € ¥ do begin
Z « 0,(X,a);if Z & Processed then Waiting < Waiting U Z
10. end
11. for all Y € Partition do begin

©CoNoGO WD E

12. K+~ XnY

13. if K # () then Partition < Partition U K

14. if X ¢ Ythen Partition < Partition U (X — K)
15. if Y ¢ Xthen Partition < Partition U (Y — K)
16. end

17. end

18. end

Algorithm 1: Algorithm to extract equivalence classes/f

The complexity of the Algorithm 1 is exponential since it tains the determi-
nization ofr(.A). However it is likely more efficient to extract equivalendasses
on the fly than performing a second determinization.

7 Conclusion

Brzozowski's minimization algorithm is both simple and rgr#ous. Itis based
on two basic and easily understandable operations. Howlegdsehaviour of the
algorithm is not so obvious. Its average complexity and grpental performance
are still unknown or unexplained. This short analysis ierndied to contribute to
a better understanding of how this algorithm performs theimmization. In par-
ticular it shows that the place of Brzozowski’'s algorithm,a taxonomy such as
Watson’s one, is among minimization algorithms based orctimputation of a
state equivalence.



Références

[1]
(2]
[3]

[4]
[5]
[6]
[7]

8]

9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17)

[18]

A. Arnold, A. Dicky and M. Nivat, A note about minimal nodeterministic automata,
EATCS Bulletin47, 166-169, 1992.

D. Beauquier, J. Berstel, and P. Chrétienrieléments d’Algorithmique Masson,
Paris, 1992.

J. A. Brzozowski, Canonical regular expressions andméhstate graphs for definite
eventsMathematical Theory of AutomatsRI Symposia Series, Polytechnic Press,
Polytechnic Institute of Brooklyn, NY,12(1962), 529-561.

C. Carrez, On the Minimalization of Non-deterministio®®matonResearch Repart
Laboratoire de Calcul de la Faculté des Sciences de I'Usitéede Lille, 1970.

J.-M. Champarnaud, Subset Construction ComplexityfHomogeneous Automata,
Position Automata and ZPC-Structurg@feoret. Comp. Sc267(2001), 17-34.

F. Coulon, Construction de I'automate canonique d’'umgkege rationneliiémoire
de DEA sous la direction de J.-M. Champarnaud, Université de RR2E&02.

J. E. Hopcroft, Ann log n algorithm for minimizing states in a finite automaton, in :
Kohavi and Paz, ed§,heory of Machines and Computatiofcademic Press, New
York, 189-196, 1971.

J. E. Hopcroft and J. D. Ullmanintroduction to Automata Theory, Languages and
Computation Addison-Wesley, Reading, MA, 1979.

A. Khorsi, Minimisation des automates finis détermiagstMaster thesissous la
direction de D. Ziadi, Université de Sidi-Bel-Abbées, 2002.

S.C. Kleene, Representation of events in nerve netdiaitd automataAutomata
Studies, Princeton Univ. Pre§$956) 3—42.

O. Matz and A. Potthoff, Computing Small Nondetermiitis-inite Automata,TA-
CAS’95 BRICS Note Series NS-95-2, 74-88, 1995.

M. Mohri, Finite-State Transducers in Language andesheProcessing;omputa-
tional Linguistics 23 :2, 1997.

A. Nerode, Linear Automata TransformatidProceedings of AM(1958), 541—
544,

C. Nicaud, Etude du comportement en moyenne des au¢srfiats et des langages
rationnels, Thése, Université Paris 7, France, 2000.

J.-L. Ponty. Algorithmique et implémentation des antdes. These, Université de
Rouen, France, 1997.

M. O. Rabin and D. Scott. Finite automata and their deniproblemsIBM J. Res,
3(2) :115-125, 1959.

D. Revuz, Minimization of Acyclic Deterministic Autoata in Linear TimeTheoret.
Comput. Sci92(1992), 181-189.

B. Watson, Taxonomies and Toolkits of Regular Langsafygorithms, PhD thesis,
Eindhoven University of Technology, The Nederlands, 1995.

10



[19] B. Watson, Directly Constructing Minimal DFAs : Comimig Two Algorithms by
Brzozowski, in S. Yu and A. Paun, eds, CIAA 2000, London, @otd.ecture Notes
in Computer Scien¢c088(2001), 311-317, Springer.

[20] S. Yu. Regular languages. In G. Rozenberg and A. Salpradiors, Hand-
book of Formal Languagesolume I, Words, Languages, Grammars, pages 41-110.
Springer-Verlag, Berlin, 1997.

11



